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Abstract

Stokes waves are periodic travelling wave solutions of the Euler equations in an inviscid and incompressible
fluid with irrotational flow. These waves travel at a given speed and amplitude. It has been shown that there
exists an admissible wave speed corresponding to a Stokes wave with greatest height. The Stokes waves are
smooth for all amplitudes less than this greatest amplitude, while the wave becomes peaked when it reaches
its greatest height. We work in a fluid domain of infinite depth, and analyze the structure of the singularity
at the peak. We will begin with an investigation of the smooth waves, deriving the equations of motion
and their linearization, and obtaining the Babenko equation for water waves. We continue by performing
an analysis of the small amplitude expansions for the surface profile and speed of the smooth waves, as well
as of the eigenvalues in the even subspace for the linearized Babenko operator. We then transition to the
limiting wave, showing that the Babenko equation reproduces known results about the singularity and its
second-order correction for the limiting Stokes wave.
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1 Introduction

Consider an inviscid, incompressible fluid with irrotational flow and a velocity v, given by a velocity potential
Φ (x, y, t) so that v = ∇Φ. The incompressibility of the fluid is given by the condition that ∇ · v = 0 and
hence this gives us the following requirement for our velocity potential:

∆Φ = 0 (1)

which we assume to hold in the 2π-periodic domain Ω =
{
(x, y) ∈ R2 : −π ≤ x ≤ π,−∞ < y ≤ η (x, t)

}
,

where η(x, t) is the surface profile.

We are interested in obtaining solutions to the Euler equations, which are such that Φ satisfies (1) and where
the surface profile η (x, t) satisfies the kinematic boundary condition

∂η

∂t
=

(
−∂η
∂x

∂Φ

∂x
+
∂Φ

∂y

)∣∣∣∣
y=η(x,t)

(2)

as well as the dynamic boundary condition(
∂Φ

∂t
+

1

2
(∇Φ)

2

)∣∣∣∣
y=η(x,t)

+ gη = 0, (3)

taking Φ → 0 as y → −∞ (as seen in [4], [6]).

The travelling wave profiles η (x− ct) (with c the wave speed) which satisfy these equations are known as
Stokes Waves, and correspond to symmetric profiles, each of which rises and falls once per period within the
2π-periodic domain [13]. As described by [4], the Stokes waves solutions η generally correspond to smooth
profiles which are even in x with a zero mean condition. These smooth solutions correspond to waves of
varying amplitudes, which can be constructed with a small amplitude expansion.

However, it was also shown by [15] that one cannot continue to increment the amplitude of such waves
indefinitely and, in fact, there exists a maximal height for the Stokes waves. The Stokes wave solution
corresponding to this maximal height is sometimes referred to as the limiting Stokes wave, where the height
H refers to the distance between the crest and the trough of the wave over its spatial period. The limiting
Stokes wave is different from the other waves of varying amplitudes in that it has the greatest nonlinearity
[6], which contributes to the formation of a peak singularity of the surface profile over one spatial period. In
fact, it was conjectured by Stokes that this limiting wave forms an angle equal to exactly 2π/3 radians at
the crest, thus allowing for an explicit computation of the size of the jump discontinuity in the derivative of
the surface at that point. It’s notable that the singularity appears only in the waves of greatest height – all
Stokes waves with heights smaller than this greatest height will be smooth [6].

As we will show in this thesis, a special relation for the Stokes wave moving with the speed c is given by the
Babenko equation for travelling waves in an infinite depth:(

c2K − 1
)
η =

1

2
Kη2 + ηKη

where K := −H∂u is called Babenko’s operator, with H the Hilbert transform.

1.1 Mathematics Behind the Conformal Transformation

In order to better investigate the Stokes waves, it is convenient to apply a time-dependent conformal trans-
formation x+ iy = z(u+ iv) with holomorphic z : C → C which reduces the free boundary conditions to flat
surface conditions. In particular, we employed the transformation as given by [6], mapping the strip of the
complex plane w = u+ iv given by

{u+ iv ∈ C : −π ≤ u ≤ π,−∞ < v ≤ 0}
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into the original strip of interest, represented in the complex plane z = x+ iy by

{x+ iy ∈ C : −π ≤ x ≤ π,−∞ < y ≤ η (x, t)} ,

where the map is such that the upper line segment u+0i maps to the free surface x+ iη (x, t). The details of
this conformal transformation can be found in [6], and in particular it is shown that the initial boundary value
problem for the Euler equations in a fluid of infinite depth can be recast into these conformal coordinates.
For notational consistency, let us denote x (u, t) , η (u, t) , ξ (u, t) as the quantities x, y,Φ (x, y = η(x, t), t)
(respectively) after applying a conformal transformation and restricting to the horizontal line w = u. In other
words, we obtain x (u, t) , η (u, t) , ξ (u, t) as the result of a conformal transformation on x, η (x, t) , ψ (x, t) =
Φ (x, y, t)|y=η(x,t), respectively. Note that we use an abuse of notation for the surface profile η, using the
same symbol after the transformation. Using this notation, we can transform the equations, first observing
that since the Laplace equation is invariant under a conformal transformation, then our incompressibility
condition remains to be ∆Φ(u, v, t) = 0. Moreover, it is shown [6] that the kinematic boundary condition
(2) reduces to

ηtxu − xtηu +Hξu = 0 (4)

while the dynamic boundary condition (3) reduces to

ξtηu − ξuηt + gηηu = −H (ξtxu − ξuxt + gηxu) (5)

where the operator H is the Hilbert transform, defined by

H (f) (u) =
1

π
pv

� ∞

−∞

f (u′)

u′ − u
du′ :=

1

π

 ∞

−∞

f (u′)

u′ − u
du′, (6)

and g is the acceleration due to gravity. For a bounded, periodic function f with period 2π (that is continuous
almost everywhere), then it can be shown [6] that this Hilbert transform has the Fourier representation

H (f) (u) =

∞∑
k=−∞

isgn (k) fke
iku (7)

where, for all k ∈ Z with −∞ < k <∞ we see that fk is the k-th Fourier mode of the function f .

Analyticity of x+ iy = z(u+ iv) implies that

x− u− x0 = −Hη

where x0 is the zeroth Fourier harmonic of x− u, so that we have

xu = 1−Hηu and xt = −Hηt. (8)

Substituting (8) into the kinematic boundary condition (4) and the dynamic boundary condition (5) yields
the following closed equations of motion:

ηt (1−Hηu) + ηuHηt +Hξu = 0 (9)
ξtηu − ξuηt + gηηu = −H (ξt (1−Hηu) + ξuHηt + gη (1−Hηu)) (10)

1.2 Main Results of the Thesis

In this thesis, we focus on investigating how the Babenko equation for travelling waves in a fluid domain
with infinite depth may be used as a tool for understanding and interpreting results relating to the Stokes
waves solutions of the Euler equations. We begin with an investigation of the governing equations, deriving
the equations of motion and their linearization, while demonstrating their relation to the Babenko equation
for water waves. We will continue by analyzing the smooth waves and performing an analysis of the small
amplitude expansions for the surface profile and speed of the smooth waves, as well as for the eigenvalues in
the even subspace for the linearized Babenko operator. We demonstrate in both cases that the coefficients
obtained match what is obtained in the literature. We will then transition to the limiting wave, analyzing
the structure of the peaked singularity. In particular, we will show that the Babenko equation reproduces
known results about the powers on the first two terms in a Stokes wave expansion for the limiting wave.
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2 Deriving the Equations of Motion

2.1 The Travelling Wave Solutions

Given that the Stokes waves correspond to the travelling wave solutions of the equations of motion, we can
obtain these solutions after having applied the conformal transformation. In order to do so, we observe that
we are seeking solutions of the form:

ξ (u, t) = ξ (u− ct) and η (u, t) = η (u− ct)

where c is the velocity of the Stokes wave. Thus, to obtain the travelling waves, we simply compute the
derivatives of these terms using the chain rule, and we can insert them back into our equations of motion.
Inserting the travelling wave form into (9) we see that

(ηt − cηu) (1−Hηu) + ηuH (ηt − cηu) +Hξu = 0

Simplifying this equation we obtain

ηt − ηtHηu − cηu + cηuHηu + ηuHηt − cηuHηu +Hξu = 0

and hence
ηt − ηtHηu − cηu + ηuHηt +Hξu = 0 (11)

which gives us the travelling wave formulation of our kinematic boundary condition. Moreover, we may
perform a similar analysis upon the dynamic boundary condition. Inserting the travelling wave form into
(10) we see that

(ξt − cξu) ηu − ξu (ηt − cηu) + gηηu = −H ((ξt − cξu) (1−Hηu) + ξuH (ηt − cηu) + gη (1−Hηu))

Performing simple algebraic expansions on both sides gives that

ξtηu − cξuηu − ξuηt + cξuηu + gηηu = −H (ξt − ξtHηu − cξu + cξuHηu + ξuHηt − cξuHηu + gη − gηHηu)

and so using linearity of the Hilbert transform, we obtain that:

ξtηu − cξuηu − ξuηt + cξuηu + gηηu = −Hξt +H (ξtHηu) + cHξu − cH (ξuHηu)−H (ξuHηt)

+ cH (ξuHηu)− gHη + gH (ηHηu)

and finally cancelling out the common terms, we obtain that

ξtηu − ξuηt + gηηu +Hξt −H (ξtHηu)− cHξu +H (ξuHηt) + gHη − gH (ηHηu) = 0 (12)

Therefore, the equations of motions for the travelling wave solutions are given by:

ηt − ηtHηu − cηu + ηuHηt +Hξu = 0

and ξtηu − ξuηt + gηηu +Hξt −H (ξtHηu)− cHξu +H (ξuHηt) + gHη − gH (ηHηu) = 0

and so the Stokes waves correspond to a solution of this system of equations.

2.2 The Babenko Equation

Note that an important case of these travelling wave solutions corresponds to when we switch into the frame
of reference of the travelling wave. To do so, we may apply the transformation u − ct → u so that our
travelling wave solutions become time-independent. In this case, the kinematic condition (11) reduces down
to:

Hξu = cηu (13)
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and further the dynamic condition (12) will become:

gηηu − cHξu + gHη − gH (ηHηu) = 0 (14)

Of course, we can combine both equations (13) and (14) to obtain the following closed form expression
describing the Stokes waves:

gηηu − c2ηu + gHη − gH (ηHηu) = 0.

Without loss of generality, if we take g = 1 then we may rewrite this equation as

ηηu − c2ηu +Hη −H (ηHηu) = 0. (15)

Now, recall that H2 = −Id in the space of zero-mean solutions. To ensure zero mean under the Hilbert
transform, note that the zero-mean constraint after applying a conformal transformation becomes

�
η (1−H∂uη) du = 0. (16)

This is because, when applying H to both sides of (15), and using H2 = −Id and H0 = 0, then we obtain

H (ηηu)− c2Hηu − η + ηHηu = 0. (17)

However, the mean-value of this equation is
�
η (1−H∂uη) du and so we see that the constraint (16) ensures

we have zero-mean under the Hilbert transform, which allows for (17) to be justified. Note that we can
rewrite equation (17) as

1

2
H

(
∂

∂u
η2
)
− c2H

(
∂

∂u
η

)
− η + ηH

(
∂

∂u
η

)
= 0.

It is this equation that motivates the introduction of a new self-adjoint operator,

K = −H ∂

∂u
,

which is referred to as the Babenko operator. Reducing our equation with this operator, we obtain

−1

2
Kη2 + c2Kη − η − ηKη = 0, (18)

which is known as Babenko’s equation for Travelling Waves, as this equation relating to the Euler equations
after conformal transformation was originally derived by Babenko in his work [11]. This closed form Babenko
equation gives rise to the steady-state travelling wave solutions and will soon be shown to be a key equation
in our investigation into the structure of the peaked travelling wave solutions.

2.3 Linearization of The Equations of Motion and the Linearized Equations of
Stability

In investigating the structure of the Stokes wave solutions, a ‘brute force’ linearization of the equations
of motion may be performed, and the resulting linearized quantities may be used to further understand
the smooth waves. To do this, we split the solutions into the sum of a steady state and time-dependent
perturbation:

η (u, t) = η0 (u) + η1 (u, t)

ξ (u, t) = ξ0 (u) + ξ1 (u, t)

Of course, given that η0 and ξ0 are the steady-state solutions, then, as we showed, they must satisfy (13) so
that

Hξ0u = cη0u (19)

7



and further they must also satisfy (14)

gη0η0u − cHξ0u + gHη0 − gH
(
η0Hη0u

)
= 0. (20)

Thus, linearizing the first (kinematic) equation of motion about the perturbative term, we may insert our
perturbative equations into (11) to obtain that

η1t − η1tH
(
η0u + η1u

)
− c

(
η0u + η1u

)
+
(
η0u + η1u

)
Hη1t +H

(
ξ0u + ξ1u

)
= 0,

which reduces down to

η1t − η1tHη
0
u − η1tHη

1
u − cη0u − cη1u + η0uHη

1
t + η1uHη

1
t +Hξ0u +Hξ1u = 0.

Dropping the terms that are nonlinear in the time–dependent term, we see that:

η1t − η1tHη
0
u − cη0u − cη1u + η0uHη

1
t +Hξ0u +Hξ1u = 0

and thus inserting (19) into this equation then we have

η1t − η1tHη
0
u − cη0u − cη1u + η0uHη

1
t + cη0u +Hξ1u = 0

which can be rewritten as
η1t
(
1−Hη0u

)
− cη1u + η0uHη

1
t +Hξ1u = 0

which is the linearized (travelling wave) kinematic boundary condition. Note that it is more insightful to
write this equation in terms of the Babenko operator K = −∂uH, and so we see the linearized kinematic
boundary condition reads equivalently as

η1t
(
1 +Kη0

)
− cη1u + η0uHη

1
t −Kξ1 = 0

For the second (dynamic) equation of motion, we again linearize about the perturbative term. Inserting the
decomposition into (12), we obtain that

ξ1t
(
η0u + η1u

)
−
(
ξ0u + ξ1u

)
η1t +

(
η0 + η1

) (
η0u + η1u

)
+Hξ1t −H

(
ξ1tH

(
η0u + η1u

))
− cH

(
ξ0u + ξ1u

)
+H

((
ξ0u + ξ1u

)
Hη1t

)
+H

(
η0 + η1

)
−H

((
η0 + η1

)
H
(
η0u + η1u

))
= 0

Expanding this equation out and dropping the terms that are nonlinear in the time-dependent terms, as well
as utilizing (14), then the linearized dynamic boundary condition will become:

ξ1t η
0
u − ξ0uη

1
t +

(
η0η1u + η0uη

1
)
+H

(
ξ1t
(
1−Hη0u

))
− cHξ1u +H

(
ξ0uHη

1
t

)
+H

(
η1
(
1−Hη0u

))
−H

(
η0Hη1u

)
= 0

which can be written in terms of the Babenko operator as:

ξ1t η
0
u − ξ0uη

1
t +

(
η0η1u + η0uη

1
)
+H

(
ξ1t
(
1 +Kη0

))
+ cKξ1 +H

(
ξ0uHη

1
t

)
+H

(
η1
(
1 +Kη0

))
+H

(
η0Kη1

)
= 0

When linearizing the Babenko equation for travelling wave solutions in an infinite depth, we define the
linearized Babenko operator, given by:

L := c2K − 1−K (η·)− (Kη) · −η (K·) (21)

Now, taking the substitution
ϕ1 := ξ1 + cHη1

so that ϕ1u = ξ1u − cKη1 and ϕ1t = ξ1t + cHη1t , then it can be shown that one can rewrite the linearized
equations of motion above in the form as given by [13]:

Kϕ1 = η1t
(
1 +Kη0

)
+ η0uHη

1
t ,

Lη1 = ϕ1t
(
1 +Kη0

)
−H

(
ϕ1tη

0
u

)
− 2cHη1t ,
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and so in matrix form we can write this as:[
K 0
0 L

] [
ϕ1

η1

]
=

[
0 1 +

(
Kη0

)
·+η0uH·

1 +
(
Kη0

)
· −H

(
η0u·
)

−2cH·

] [
ϕ1t
η1t

]
.

Note that we may take the operator M := 1 +
(
Kη0

)
·+η0uH· whose adjoint is given by

M∗ = 1 +
(
Kη0

)
· −H

(
η0u·
)

and hence we may rewrite the equations of motion as[
K 0
0 L

] [
ϕ1

η1

]
=

[
0 M
M∗ −2cH·

] [
ϕ1t
η1t

]
.

Since we’re interested in the eigenvalues, we are looking at solutions where ϕ1t = λϕ1 and η1t = λη1 and so
the system of equations becomes[

K 0
0 L

] [
ϕ1

η1

]
= λ

[
0 M
M∗ −2cH·

] [
ϕ1

η1

]
,

which gives the linearized equations of stability:

Kϕ1 = λMη1 and Lη1 = λM∗ϕ1 − 2cλHη1. (22)

Note that, as seen in [13], then these equations of stability can reduce to a single quadratic eigenvalue
problem. This follows the first linearized equation of stability shows that ϕ1 = K−1λMη1 = λK−1Mη1,
where the invertibility of K = −∂uH is because H is invertible. Thus, the second linearized equation of
stability gives the desired closed form quadratic representation:

Lη1 − λ2M∗K−1Mη1 + 2cλHη1 = 0.

Obtaining the spectrum from these linearized operators will determine the stability of the Stokes waves.

3 Investigating the Smooth Stokes Waves

3.1 Small Amplitude Expansions of Smooth Stokes Waves

Here we explore smooth Stokes waves in the limit of small amplitudes. The small amplitude expansions
converge fast enough to determine the leading order behaviour of the solutions [6]. Therefore, to understand
such expansions for the small amplitude waves, we will use their smoothness to add the extra condition of
infinite differentiability to the list of properties of Stokes waves that we had detailed in the introduction.
We can then expand our solutions in a power series in terms of a small perturbation parameter ε, which
represents the amplitude. In particular, we may expand both the surface profile η (u) and wave speed c in
the following small-amplitude expansion, which is in terms of the small perturbation ε:

η (u, ε) =

∞∑
i=0

εiηi (u) and c (ε) =
∞∑
i=0

εici =

∞∑
i=0

ε2ic2i, (23)

where ηi and ci are the values of η and c up to order O
(
εi
)
. Note that c is expanded in even powers, for we

already know that c must be even in ε [4]. Moreover, the surface η must be even in u given its symmetric
profile.

To begin, we are interested in obtaining the coefficients in the expansions (23). To do this, we will use the
Babenko equation for travelling waves. Writing out the Babenko equation (18) more explicitly in terms of
the Hilbert transform, then we see that

−c2Hηu − η +H (ηηu) + ηHηu = 0 (24)

and so we will simply expand equation (24) to O
(
εi
)

in order to determine the values to a given order i.
Note that we seek single-lobe solutions, which correspond to waves which have one crest and one trough on
its periodic domain, and we saw that the Stokes waves have this property [13].

Performing the routine computations allows for us to deduce the coefficients explicitly:
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Theorem 3.1. The smooth, even, single-lobe Stokes waves η and the speed c are expanded as a power series
as in (23), and the coefficients to third order are given by:

• To O (1) we have η0 = 0.

• To O (ε) we have that η1 = cos (u) and c0 = 1.

• To O
(
ε2
)

we have that η2 = cos (2u)− 1
2 .

• To O
(
ε3
)

we have that η3 = 3
2 cos (3u) and and c2 = 1

2 .

Proof. We know that the surface profile η is expanded as η(u, ε) = η0(u)+η1(u)ε+η2(u)ε
2+η3(u)ε

3+O
(
ε4
)

and c(ε) = c0 + c2ε
2 + O

(
ε4
)
. We wish to determine the coefficients in each of these expansions. Now, in

order to determine such terms, we can simply insert our expansion into the Babenko equation, matching
the terms of equal order. Note that, first, for the O(1) case then since the mean-value of the Stokes wave is
taken as zero, it follows that η0 must be constant and set to zero. Thus, η0 = 0.

If η′ denotes ηu, then we obtain:

ηu = η′1ε+ η′2ε
2 + η′3ε

3 +O
(
ε4
)

Hηu = Hη′1ε+Hη′2ε
2 +Hη′3ε

3 +O
(
ε4
)

ηHηu = η1Hη
′
1ε

2 + (η1Hη
′
2 + η2Hη

′
1) ε

3 +O
(
ε4
)

ηηu = η1η
′
1ε

2 + (η1η
′
2 + η2η

′
1) ε

3 +O
(
ε4
)

Hηηu = Hη1η
′
1ε

2 + (Hη1η
′
2 +Hη2η

′
1) ε

3 +O
(
ε4
)

and since the square of the wave speed is c2 = c20 + 2c0c2ε
2 +O

(
ε4
)
, then we denoting c̃2 := 2c0c2 we have

that c2 = c20 + c̃2ε
2 +O

(
ε4
)
. As a result, it follows that

c2Hηu = c20Hη
′
1ε+ c20Hη

′
2ε

2 +
(
c20Hη

′
3 + c̃2Hη

′
1

)
ε3 +O

(
ε4
)
,

and hence the Babenko equation can be written in the small amplitude form as

c20Hη
′
1ε− c20Hη

′
2ε

2 −
(
c20Hη

′
3 + c̃2Hη

′
1

)
ε3 − η1ε− η2ε

2 − η3ε
3

+Hη1η
′
1ε

2 + (Hη1η
′
2 +Hη2η

′
1) ε

3 + η1Hη
′
1ε

2 + (η1Hη
′
2 + η2Hη

′
1) ε

3 +O
(
ε4
)
= 0

which is the same as writing(
c20Hη

′
1 − η1

)
ε+

(
Hη1η

′
1 + η1Hη

′
1 − c20Hη

′
2 − η2

)
ε2 +

(
−c20Hη′3 − c̃2Hη

′
1 − η3

+Hη1η
′
2 +Hη2η

′
1 + η1Hη

′
2 + η2Hη

′
1) ε

3 +O
(
ε4
)
= 0

(25)

Now, using (25), we see that, that to O(ε), then the Babenko equation reads as

−c20Hη′1 − η1 = 0.

Note that since we require even solutions, then η1(u) = cos(u) will be the even solution which solves this. The
reason this is the unique solution is because the period is 2π and we are considering a single-lobe wave with
only one maximum and minimum on the period. Hence, this is the solution and it will allow us to determine
c20 very explicitly. In particular, observe that −c20Hη′1 − η1 = c20H sin(u) − cos(u) = c20 cos(u) − cos(u) = 0
and hence we must take c20 = 1 to obtain this unique even solution. Thus, η1(u) = cos(u) and c20 = 1.

Now, note that with c20 = 1, then η1 satisfies the homogeneous part, observing that −H∂u − 1 = K − 1. We
have shown that cos(u) is in the null-space of K − 1, and hence it follows by Fredholm theory [9] that all
further corrections η2 and η3 must be orthogonal to cos(u) in order to have a unique definition of ε.

Next, using (25), then we see that, to O
(
ε2
)

then the Babenko equation reads as

−Hη′2 − η2 +Hη1η
′
1 + η1Hη

′
1 = 0.

10



Of course, we can simplify this with our finding that η1(u) = cos(u) thus observing that

Hη1η
′
1 + η1Hη

′
1 = −H (cos(u) sin(u))− cos(u)H (sin(u))

= − 1

2
H (sin(2u))− cos2(u)

= − 1

2
cos(2u)− 1

2
− 1

2
cos(2u)

= − cos(2u)− 1

2
,

hence showing the Babenko equation to O
(
ε2
)

becomes

−Hη′2 − η2 − cos(2u)− 1

2
= 0.

Note that the choice η2(u) = cos (2u)− 1
2 solves this, for the fact that

−Hη′2 − η2 − cos(2u)− 1

2
= 2H sin (2u)− cos (2u) +

1

2
− cos(2u)− 1

2

= 2 cos (2u)− cos (2u) +
1

2
− cos(2u)− 1

2
= 0

and it is the unique choice that will allow for η2 to be orthogonal to η1. Hence, η2(u) = cos (2u)− 1
2 . Finally,

going to O
(
ε3
)

then we again see that, using (25), the Babenko equation reads as

−Hη′3 − c̃2Hη
′
1 − η3 +Hη1η

′
2 +Hη2η

′
1 + η1Hη

′
2 + η2Hη

′
1 = 0

Now, from before we thus have that η′1(u) = − sin(u) and η′2(u) = −2 sin(2u) and hence inserting this into
our O

(
ε3
)

Babenko equation, we obtain

−Hη′3 + c̃2H sin(u)− η3 −H (2 cos(u) sin(2u))−H

((
cos (2u)− 1

2

)
sin(u)

)
−2 cos(u)H sin(2u)−

(
cos (2u)− 1

2

)
H sin(u) = 0

Recall from elementary trigonometry that 2 cos(u) sin(2u) = sin(u) + sin(3u) and therefore
H (2 cos(u) sin(2u)) = H(sin(u)) +H(sin(3u)) = cos(u) + cos(3u). Further,
sin(u) cos(2u) = 1

2 (− sin(u) + sin(3u)) and thus we have that

H

((
cos (2u)− 1

2

)
sin(u)

)
= H(sin(u) cos(2u))− 1

2
H(sin(u))

=
1

2
(− cos(u) + cos(3u))− 1

2
cos(u)

= − cos(u) +
1

2
cos(3u).

Thus, to O
(
ε3
)

then Babenko’s equation is

−Hη′3+ c̃2 cos(u)−η3−cos(u)−cos(3u)+cos(u)− 1

2
cos(3u)−2 cos(u) cos(2u)−cos(u) cos(2u)+

1

2
cos(u) = 0,

which reduces down to

−Hη′3 + c̃2 cos(u)− η3 − cos(3u)− 1

2
cos(3u)− 3 cos(u) cos(2u) +

1

2
cos(u) = 0.
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Of course, we can write that 3 cos(u) cos(2u) = 3
2 cos(u) +

3
2 cos(3u) and thus

−Hη′3 + c̃2 cos(u)− η3 − cos(3u)− 1

2
cos(3u)− 3

2
cos(u)− 3

2
cos(3u) +

1

2
cos(u) = 0,

so that
−Hη′3 + c̃2 cos(u)− η3 − 3 cos(3u)− cos(u) = 0

and hence
−Hη′3 − η3 = 3 cos(3u) + (1− c̃2) cos(u)

Note that the choice η3(u) = 3
2 cos(3u) along with c̃2 = 1 solves this. Now, we require that this as these are

the unique choices such that the right-hand side is orthogonal to cos(u). Hence, by definition of c̃2 then we
have that c2 = 1

2 , as desired.

In Figure 1, we plot the approximation of the smooth Stokes wave η(u, ε) in the limit of small amplitudes,
with the values as determined in Theorem 3.1, for a small value of ε.

Figure 1: Plot of the approximation to the smooth Stokes wave η(u, ε) for ε = 0.2, showing each successive app-
proximation up to third order. The coefficients η1, η2, and η3 in the expansion are given as in Theorem 3.1. Each
approximation is shown in a different colour, as indicated by the legend.

Remark 3.2. We thus find that

η (u, ε) =

∞∑
i=0

εiηi (u) = ε cos (u) + ε2
(
cos (2u)− 1

2

)
+

3

2
ε3 cos (3u) + h.o.t. and c (ε) = 1 +

1

2
ε2 + h.o.t.

so that, in particular, c2 (ε) = 1 + ε2 + h.o.t.. This gives us the leading order behaviour of both the surface
profile η and travelling wave speed c in the limit of small amplitude Stokes waves. Note that such small-
amplitude computations have been previously performed in the literature, and one finds that these results
produced with the Babenko equation match what has been computed [5]. Observe moreover from Figure 1
that as more terms are added to the expansion of the small amplitude wave, the expansion itself seems to
converge towards a smooth wave.

In a similar fashion, one can also perform a small amplitude expansion of the even eigenvalues of the linearized
Babenko operator (21), and such computations are demonstrated in the following theorem:
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Theorem 3.3. Consider the eigenvalues of Lv = µv for the linearized Babenko operator (21) corresponding
to the even subspace. Take these quantities in the limit of small amplitudes, so that we may expand both
in terms of the pertubation parameter ε as v(u, ε) =

∑∞
i=0 ε

ivi (u) and µ(ε) =
∑∞

i=0 ε
2iµ2i. This results in

the coefficients up to the second order being given by:

• To O(1) then we have v0(u) = cos(u) and µ0 = 0.

• To O(ε) then we have that v1(u) = 2 cos(2u)− 1.

• To O
(
ε2
)

then we have that v2(u) = 9
2 cos(3u) and µ2 = −2.

Proof. We are considering the even eigenvalues for the linearized Babenko operator, which satisfy Lv = µv, in
the limit of small amplitudes. Since we’re considering the small amplitude limit, then we take the expansions

v := v(u, ε) =

∞∑
i=0

εivi (u) and µ (ε) =
∞∑
i=0

ε2iµ2i (26)

and thus we have the expansions v(u, ε) = v0(u) + v1(u)ε + v2(u)ε
2 + v3(u)ε

3 + O
(
ε4
)

and µ(ε) = µ0 +

µ2ε
2 + O

(
ε4
)
, where µ is in even powers as we consider the even subspace. Now, recall that we can write

equation (21) as
L := c2K − 1−K (η·)− (Kη) · −η (K·)

and thus using the small amplitude expansion η = η0 + η1ε+ η2ε
2 + η3ε

3 +O
(
ε4
)

and c = 1 + ε2 +O
(
ε4
)

from Theorem 3.1 then we see that we may expand this linearized operator. In particular, expanding each
of the individual terms in the operator, then

c2K = K + ε2K +O
(
ε4
)

K (η·) = K (η1·) ε+K (η2·) ε2 +O
(
ε3
)

(Kη) · = ε (Kη1) ·+ε2 (Kη2) ·+O
(
ε3
)

η (K·) = η1ε (K·) + η2ε
2 (K·) +O

(
ε3
)

and hence we see that (21) becomes

L = (K − 1) + ε (−K (η1·)− (Kη1) · −η1 (K·))
+ ε2 (K −K (η2·)− (Kη2) · −η2 (K·)) +O

(
ε3
)
.

Inserting (26) into this equation, then we see that

Lv = (K − 1) v0 + ε (−K (η1v0)− (Kη1) v0 − η1 (Kv0))

+ ε2 (Kv0 −K (η2v0)− (Kη2) v0 − η2 (Kv0))

+ ε (K − 1) v1 + ε2 (−K (η1v1)− (Kη1) v1 − η1 (Kv1)) + ε2 (K − 1) v2 +O
(
ε3
)

= (K − 1) v0 + ε (−K (η1v0)− (Kη1) v0 − η1 (Kv0) + (K − 1) v1)

+ ε2 (−K (η1v1)− (Kη1) v1 − η1 (Kv1) +Kv0 −K (η2v0)− (Kη2) v0 − η2 (Kv0) + (K − 1) v2) +O
(
ε3
)

(27)

Of course, since we are looking for the eigenvalues, then we will align the terms up to a given order in the
equation Lv = µv, where we may use (26) to expand the right-hand side as

µv =
(
µ0 + µ2ε

2 +O
(
ε4
)) (

v0 + v1ε+ v2ε
2 + v3ε

3 +O
(
ε4
))

= µ0v0 + µ0v1ε+ (µ0v0 + µ2v0) ε
2 +O

(
ε3
)

(28)
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and thus we see that to O (1) then Lv = µv becomes (K − 1) v0 = µ0v0. Since we are taking eigenvalues
from the even subspace, we may set µ0 = 0 and thus we have that (K − 1) v0 = 0. Now, note that the choice
v0 = cos(u) solves this, as then

(K − 1) v0 = − (∂uH + 1) cos(u) = −∂uH cos(u)− cos(u)

= ∂u sin(u)− cos(u) = cos(u)− cos(u) = 0

as desired.
(K − 1) v0 = − (∂uH + 1) cos(u)

Thus, v0(u) = cos(u) and µ0 = 0 solves this. Since we seek solutions with a period of 2π and are considering
single-lobe waves with only one maximum and one minimum on the period, then this is the unique choice
for v0. Similar to the proof of Theorem 3.1, we observe that we may define the homogeneous part, writing
that −H∂u − 1 = K − 1. We have shown that cos(u) is in the null-space of K − 1, and hence it follows by
Fredholm theory [9] that all further corrections v1 and v2 must be orthogonal to cos(u) in order to have a
unique definition of ε.

Next, to O (ε) then equating (27) and (28) we see that Lv = µv becomes −K (η1v0)− (Kη1) v0− η1 (Kv0)+
(K − 1) v1 = µ0v1 = 0. Inserting the values derived from Theorem 3.1, as well as v0(u) = cos(u) then we
see that

(K − 1) v1 −K
(
cos2(u)

)
− (K cos(u)) cos(u)− cos(u) (K cos(u)) = 0.

However, since cos2(u) = 1
2 + cos(2u)

2 then it follows that

0 = (K − 1) v1 +H∂u

(
1

2
+

cos(2u)

2

)
+ (H∂u cos(u)) cos(u) + cos(u) (H∂u cos(u))

= (K − 1) v1 −H sin(2u)− (H sin(u)) cos(u)− cos(u) (H sin(u))

= (K − 1) v1 − cos(2u)− 2 cos2(u) = (K − 1) v1 − cos(2u)− 2

(
1

2
+

cos(2u)

2

)
= (K − 1) v1 − 2 cos(2u)− 1

and thus (K − 1) v1 = 2 cos(2u) + 1. Thus, choosing v1(u) = 2 cos(2u)− 1 we see that

(K − 1) v1 = Kv1 − v1 = −H∂u (2 cos(2u)− 1)− 2 cos(2u) + 1

= 4H sin(2u)− 2 cos(2u) + 1 = 4 cos(2u)− 2 cos(2u) + 1

= 2 cos(2u) + 1

as desired. Thus, v1(u) = 2 cos(2u) − 1 solves the homogeneous part, and it is the unique choice that will
allow for v1 to be orthogonal to v0.

Finally, to O
(
ε2
)
, then equating (27) and (28) we see that Lv = µv becomes

−K (η1v1)− (Kη1) v1− η1 (Kv1)+Kv0−K (η2v0)− (Kη2) v0− η2 (Kv0)+ (K − 1) v2 = µ0v0+µ2v0 = µ2v0

Inserting the values derived from Theorem 3.1, as well as the previous values of v0 and v1, then we see that
this says

0 = −K (cos(u) (2 cos(2u)− 1))− (K cos(u)) (2 cos(2u)− 1)− cos(u) (K (2 cos(2u)− 1))

+K cos(u)−K

((
cos (2u)− 1

2

)
cos(u)

)
−
(
K

(
cos (2u)− 1

2

))
cos(u)−

(
cos (2u)− 1

2

)
K cos(u)

+ (K − 1) v2 − µ2 cos(u)

= −K (2 cos(u) cos(2u)− cos(u))− cos(u) (2 cos(2u)− 1)− 4 cos(u) cos(2u) + cos(u)

−K

(
cos (2u) cos(u)− cos(u)

2

)
− 2 cos(2u) cos(u)− cos(2u) cos(u) +

cos(u)

2

+ (K − 1) v2 − µ2 cos(u)
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Now, using the fact that 2 cos(u) cos(2u)− cos(u) = cos(3u) then we see that K (2 cos(u) cos(2u)− cos(u)) =

K(cos(3u)) = 3 cos(3u) and further K
(
cos (2u) cos(u)− cos(u)

2

)
= 1

2K(2 cos(u) cos(2u)− cos(u)) = 3 cos(3u)
2

and so simplifying this equation shows that

0 = − 3 cos(3u)− cos(u) (2 cos(2u)− 1)− 4 cos(u) cos(2u) + cos(u)− 3 cos(3u)

2
− 2 cos(2u) cos(u)

− cos(2u) cos(u) +
cos(u)

2
+ (K − 1) v2 − µ2 cos(u)

= − 3 cos(3u)− 2 cos(u) cos(2u) + cos(u)− 4 cos(u) cos(2u) + cos(u)− 3 cos(3u)

2
− 2 cos(2u) cos(u)

− cos(2u) cos(u) +
cos(u)

2
+ (K − 1) v2 − µ2 cos(u)

= − 9

2
cos(3u)− 9 cos(u) cos(2u) +

5 cos(u)

2
+ (K − 1) v2 − µ2 cos(u)

Now, since 9 cos(u) cos(2u) = 9
2 cos(3u) +

9
2 cos(u) then we see that

0 = − 9

2
cos(3u)− 9

2
cos(3u)− 9

2
cos(u) +

5 cos(u)

2
+ (K − 1) v2 − µ2 cos(u)

= − 9 cos(3u)− 2 cos(u) + (K − 1) v2 − µ2 cos(u)

= − 9 cos(3u) + (K − 1) v2 − (µ2 + 2) cos(u)

and we see that v2 = 9
2 cos(3u) and µ2 = −2 solve this, for the fact that:

−9 cos(3u) + (K − 1) v2 − (µ2 + 2) cos(u) = − 9 cos(3u) +
9

2
K cos(3u)− 9

2
cos(3u)

= − 9 cos(3u) +
9

2
3 cos(3u)− 9

2
cos(3u)

= − 9 cos(3u) + 9 cos(3u) = 0.

Now, we require that µ2 = −2 as this is needed to ensure that these are the unique choices such that the
right-hand side is orthogonal to cos(u). Thus, v2(u) = 9

2 cos(3u) and µ2 = −2.

Remark 3.4. We thus find that when considering a splitting into the even subspace of eigenvalues of the
linearized Babenko operator given by Lv = µv in the limit of small amplitudes, then we have that

v (u, ε) = cos(u) + (2 cos(2u)− 1) ε+

(
9

2
cos(3u)

)
ε2 +O

(
ε3
)

and µ (ε) = −2ε2 +O
(
ε4
)
.

Note that such small-amplitude computations have been previously performed in the literature, and one
finds that these results produced with the Babenko equation match what has been computed [4].

3.2 Stability Spectrum of Small Amplitude Stokes Waves

In the preceding section, we have considered smooth Stokes waves in the limit of small amplitudes, specifically
analyzing the coefficients in the expansions in Theorem (3.1) as well as the coefficients in the expansion of
the even eigenvalues of the linearized Babenko operator in Theorem (3.3). However, we may also employ
similar techniques to understand the spectrum of the Stokes wave in this small amplitude limit, specifically
by expanding the eigenvalue λ in the linearized system of stability (22). In particular, considering the
expansion λ = ελ1 + ε2λ2 +O

(
ε3
)
, where the mean-value has been removed, it was shown in [4] that these

eigenvalues trace out a figure-8 curve centered at the origin, when the imaginary part is plotted against the
real part. To see this, each term λi in the expansion of λ was parametrized in terms of a parameter µ = µ1ε
with µ1 ∈ O(1) and using the same equations of linear stability (22), it was shown in [4] that the coefficients
up to the second order in the expansion of λ are:
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• To O (ε) then we have that λ1 = iµ1

2 .

• To O
(
ε2
)

then we have that λ2 = ± 1
8µ1

√
8− µ2

1.

Note that the derivation of equation (22) in [4] is slightly different than the method we outlined in section
2.3, as they use the Ablowitz-Fokas-Musslimani (AFM) formulation of the water waves. Moreover, note that,
as was done in [4], when we plot Im (λ) against Re (λ) up to O

(
ε2
)
, then the ‘figure-8’ pattern is developed.

Observe this done in Figure 2:

Figure 2: Plot of the equation ελ1 + ε2λ2 = ± 1
8
µ1

√
8− µ2

1ε+ iµ1
2
ε2 with ε = 0.04 in the complex plane.

This indicates the existence of the so-called ‘Benjamin-Feir instability’ for these small-amplitude waves, since
it shows that four of the eigenvalues collide together at the origin before separating, with each eigenvalue
occupying a distinct quadrant [4]. As a result, we see that we have been able to explore the stability and
structure of the small-amplitude Stokes waves using these linearized equations of stability, and the Babenko
equation allowed us to explore these equations.

4 The Structure of the Peaked Stokes Wave

We are now interested in understanding various properties of the Stokes wave of greatest height, which is
also known as the peaked, or limiting, Stokes wave.

4.1 Understanding the Peaked Stokes Wave and the Stokes Expansion

Recall that the Stokes wave is an irrotational periodic gravity wave flowing with a given speed c, which is
symmetric about its crest, and which corresponds to the travelling wave solutions of the Euler equations
[17]. The height – or amplitude – of the wave, which is defined as being the distance from the crest to the
trough of the wave when measured vertically, is often used as a parameterization of the Stokes wave. As
we’ve investigated in Section 3, many Stokes waves are smooth and can have varying amplitudes. However,
in 1880 it was conjectured by Stokes [17] that there should exist a wave of greatest height. Moreover, he
concluded that if such a limiting wave exists, then there must be a sharp corner about the crest, which forms
an angle of 2π/3 radians [17]. It was not until 1978 when the global existence of the peaked Stokes wave
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was demonstrated by Toland [18] and the full Stokes conjecture, including a proof of the corner angle at the
crest, was eventually proved by Plotnikov in 1982 [15] as well as by Amick, Fraenkel, and Toland [1]. Given
the existence of the sharp corner at the peak, the limiting Stokes wave is continuous but not differentiable
at its peak, and thus is not a smooth wave. Notably, however, we see that only the Stokes wave of greatest
height is not smooth [3]. Note that it has not been shown that the limiting wave is unique, and hence the
uniqueness of the peaked wave as a limit of smooth near limiting waves is not yet fully understood [16].
Moreover, it is not necessarily known if there is a unique speed c at which the limiting wave occurs, though
it was shown in [19] that the horizontal fluid speed is equal to the wave speed c only at the limiting wave,
and hence the horizontal speed is never to equal to the wave speed c for smooth waves.

There has been a great deal of work investigating the structure of the peaked Stokes wave. For instance,
Constantin [3] provides a description of the paths of particles in the limiting Stokes wave for a domain of
finite depth, demonstrating that the paths they follow are ‘looping curves’, and that no particle will remain
stationary at the peak. Lyons [13] extended the results from Constantin’s finite depth analysis to show that
particles in the limiting Stokes wave will also never remain in a closed loop when considering a domain of
infinite depth. It is noteworthy that both [3] and [13] use a different conformal transformation than was
considered in Section 1.2, where instead they utilized a hodograph transform induced from the introduction
of a stream function.

In this section, we will be interested in understanding the surface profile of the peaked Stokes wave via an
expansion in the powers of its amplitude. This type of expansion is known as the Stokes expansion [14]. In
such an expansion, the higher order terms become important to be able to describe the behaviour away from
the peak, while the lower order terms describe the behaviour closer to the peak. As Lushnikov [12] notes,
if we assume that the singularity of the extreme wave touches the fluid surface at w = 0 in the conformal
coordinates, then the expansion of z(w) = x(w)+ iη(w), which is the profile after conformal transformation,
given by

z(w) = i
c2

2
− i

(
3c

2

)2/3

(iw)2/3 + h.o.t. (29)

will ensure the corner angle of 2π/3 radians at the peak is conserved. Hence, with w = u+ iv the conformal
coordinates, then we may reduce the expansion (29) to the form

x (u) = u+
37/6

25/3
c2/3 |u|2/3 + h.o.t.

η (u) =
c2

2
− 32/3

25/3
c2/3 |u|2/3 + h.o.t.

This motivates the form of the Stokes expansion, as we know that, in order to preserve the 2π/3 angle at the
peak, we should have a 2/3 singularity in the derivative of our surface profile, after conformal transformation.
Nonetheless, this exact expansion and its corresponding coefficients have not been shown to be unique [14]
and thus for our purposes we will assume a general expansion of the surface profile to be given by

η(u) =
c2

2
−A|u|2/3 + o(|u|2/3) as |u| → 0 (30)

for some admissible values of A > 0. Note that, while we know the first power in the expansion must be
2/3 to preserve the 2π/3 angle, there is also information regarding the second-order correction term in the
expansion. In particular, Grant [14] showed interest in understanding this correction term, and in fact,
assuming the expansion η(u) = c2

2 +A|u|2/3 +B|u|µ + o(|u|µ) with µ > 2/3 as |u| → 0, then he showed that
µ must be an irrational number which satisfies

tan
(πµ

2

)
=

− (4 + 3µ)

33/2µ
. (31)

The first solution to this equation, and thus the first possible root, is µ ≈ 1.468.

Our goal is to the use the Babenko equation (18) to better understand the properties of the expansion (30).
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4.2 Results for the Peaked Stokes Wave

In this section, we will be interested in exploring the expansion of the surface profile given by equation (30)
and its interaction with the Babenko equation. In particular, since we saw the Babenko equation was derived
for waves of smooth amplitudes, it is questionable if it holds for the limiting Stokes wave. Our main results
relate to providing evidence that the Babenko equation holds for the limiting waves, by demonstrating that
it agrees with previous analytical results surrounding the Stokes wave expansion.

We begin with the following proposition, which provides a very useful reformulation of the Babenko equation,
demonstrating that we can remove the constant term from the Babenko equation and obtain an equivalent
equation which simplifies our computations:

Proposition 4.1. Given η a solution to the Babenko equation, then we will have that η̃ solves

η̃ =
c2

2
+

1

2
Kη̃2 + η̃Kη̃ (32)

where

η̃ :=
c2

2
− η

Proof. Taking η a solution to the Babenko equation, let us define η̃ := c2

2 −η and hence η = c2

2 − η̃. Inserting
this into the left-hand side of the Babenko equation (18) gives that

(
c2K − 1

)
η =

(
c2K − 1

)(c2
2

− η̃

)
= c2K

(
c2

2

)
− c2Kη̃ − c2

2
+ η̃ = −c2Kη̃ − c2

2
+ η̃

Moreover, the right-hand side of the Babenko equation becomes

1

2
Kη2 + ηKη =

1

2
K

(
c4

4
− c2η̃ + η̃2

)
+

(
c2

2
− η̃

)
K

(
c2

2
− η̃

)
= − 1

2
c2Kη̃ +

1

2
Kη̃2 − c2

2
Kη̃ + η̃Kη̃

= − c2Kη̃ +
1

2
Kη̃2 + η̃Kη̃

and thus equation (18) is equivalent to saying that −c2Kη̃ − c2

2 + η̃ = −c2Kη̃ + 1
2Kη̃

2 + η̃Kη̃, so that
η̃ = c2

2 + 1
2Kη̃

2 + η̃Kη̃ is reproduced.

With this useful reformulation of the Babenko equation, we may now continue by verifying that the ex-
pansion of the surface profile (30) satisfies the Babenko equation, for some admissible value of c. This is
demonstrated in the following proposition, where it is shown that, when taking the general Stokes expansion
of form (30), then the Babenko equation does not derive a contradiction. To do this, we have computed the
Hilbert transform at the leading-order approximation as |u| → 0, and the computations required for this are
demonstrated in Proposition 7.3 and Corollary 7.4.

Proposition 4.2. In assuming the surface profile for the Stokes wave of greatest height is given by η (u) =
c2

2 − A |u|2/3 + o(|u|2/3), and hence where η̃ := A |u|2/3 + o(|u|2/3), as |u| → 0 for some admissible values of
A > 0, the Babenko equation at the limiting height (32) will lead to no contradictions.

Proof. The proof follows immediately from our prior computations for the Hilbert transform. In particular,
observe that

Kη̃ = − ∂

∂u
Hη̃ = −A ∂

∂u
H |u|2/3+o

(
|u|−1/3

)
= −A ∂

∂u

√
3|u|2/3sgn(u)+o

(
|u|−1/3

)
= −A 2√

3
|u|−1/3+o

(
|u|−1/3

)
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while we also have that

η̃Kη̃ =
(
A |u|2/3 + o(|u|2/3)

)(
−A 2√

3
|u|−1/3 + o

(
|u|−1/3

))
= −A2 2√

3
|u|1/3 + o

(
|u|2/3

)
and finally one can compute that

Kη̃2 = − ∂

∂u
Hη̃2 = −A2 ∂

∂u
H |u|4/3 + o

(
|u|1/3

)
=

√
3A2 ∂

∂u

(
|u|4/3sgn(u)

)
+ o

(
|u|1/3

)
=

4A2

√
3
|u|1/3 + o

(
|u|1/3

)
and thus observe that the right-hand side of the Babenko equation reads as:

c2

2
+

1

2
Kη̃2 + η̃Kη̃ =

c2

2
+

2A2

√
3
|u|1/3 −A2 2√

3
|u|1/3 +O

(
|u|2/3

)
=
c2

2
+O

(
|u|2/3

)
Thus, there is no contradiction arising from the Babenko equation when assuming that
η = c2

2 −A|u|2/3 + o
(
|u|2/3

)
, which shows that this expansion is possible.

Now, it follows from Proposition 4.2 that we have thus shown that the Stokes expansion (30), which assumes
a leading order singularity of 2/3, is in agreement with the Babenko equation. However, this does not
necessarily imply that the surface profile must take this form. While well-known results show that the
singularity in the derivative must be of order 2/3, these results were not derived with the Babenko equation.
Moreover, Grant showed that, in fact, the second-order correction term in the expansion of the surface profile
must itself be a continuously differentiable term [14]. We wish to obtain these results definitively by utilizing
the Babenko equation.

Note, however, that the method we have used in the previous theorems to compute the Hilbert transform
apply only when taking the Hilbert transform of a 2π-periodic function f(u) = |u|n/3 for n a natural number.
In order to make conclusive comments about the expansion of the peaked wave, we need a stronger and more
effective method for computing the Hilbert transforms of functions of the form f(u) = |u|β for more general
values of β. To do this, observe that [10] shows that, for any ν ∈ (0, 1) and u ∈ R then

� ∞

−∞

|x|ν−1

x− u
dx = −π cot

(νπ
2

)
|u|ν−1sgn(u) (33)

Equation (33) gives us a very explicit formula for the analogous formulation of the Hilbert transform on
the infinite line R, from which we can easily derive our desired Hilbert transform of 2π-periodic functions.
In particular, this well-known formula gives rise to the following result, which extends Proposition 7.3 to
allow us to very explicitly understand the leading order term in the evaluation of the Hilbert transform of a
function |u|β :

Lemma 4.3. Given β ∈ (−1, 0) and the 2π-periodic function f(u) = |u|β on [−π, π], which is extended
periodically to all of R, then we have that

H (f) (u) = − cot

(
(β + 1)π

2

)
|u|βsgn(u) + Fβ(u) (34)

for some Fβ ∈ Cω(D) for any compact subset D of (−π, π).

Proof. Let us first note that, by Theorem 7.1, since β ∈ (−1, 0) ⊂ (−1,∞) then we have that

H(f)(u) =
1

π

� π

−π

f(x)

x− u
dx+Gβ(u) =

1

π

� π

−π

|x|β

x− u
dx+Gβ(u)
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where Gβ ∈ Cω(D). Now, defining

Mβ(u) := − 1

π

(� −π

−∞

|x|β

x− u
dx+

� ∞

π

|x|β

x− u
dx

)
then observe that we may write

1

π

� π

−π

|x|β

x− u
dx =

1

π

� ∞

−∞

|x|β

x− u
dx− 1

π

(� −π

−∞

|x|β

x− u
dx+

� ∞

π

|x|β

x− u
dx

)
=

1

π

� π

−π

|x|(β+1)−1

x− u
dx+Mβ(u)

= − cot

(
(β + 1)π

2

)
|u|βsgn(u) +Mβ(u)

where the third equality follows since β ∈ (−1, 0) so that β + 1 ∈ (0, 1) and so we have employed equation
33. Now, observe that since u ∈ [−π, π], then the function

|x|β

x− u

is analytic on the intervals (−∞,−π) and (π,∞) and hence it follows easily that Mβ ∈ Cω(D). Therefore,
taking

Fβ(u) := Gβ(u) +Mβ(u)

then we have that Fβ is a sum of analytic functions and thus Fβ ∈ Cω(D). Combining the equations above
we thus obtain that

H(f)(u) = − cot

(
(β + 1)π

2

)
|u|βsgn(u) +Mβ(u) +Gβ(u)

= − cot

(
(β + 1)π

2

)
|u|βsgn(u) + Fβ(u)

which proves the claim.

From Lemma 4.3, we may deduce the general form for the Hilbert transform of 2π-periodic functions of the
form |u|βsgn(u), as is demonstrated in the following corollary:

Corollary 4.4. For g(u) = |u|βsgn(u) with β ∈ (−1, 0), which is defined on (−π, π) and extended periodi-
cally to all of R, then we have that

H (g) = tan

(
(β + 1)π

2

)
|u|β +Gβ(u)

for some Gβ ∈ Cω(D) for any compact subset D of (−π, π).

Proof. To demonstrate this fact, let us simply take the Hilbert transform of (34) to observe that

H2(f) = − cot

(
(β + 1)π

2

)
H
(
|u|βsgn(u)

)
+H (Fβ(u))

where we have used the fact that the Hilbert transform is linear. Since f is assumed to have zero mean, then
H2(f) = −f and further we have denoted g(u) = |u|βsgn(u), therefore we can rewrite this as saying

−f = − cot

(
(β + 1)π

2

)
H (g) +H (Fβ(u))

and hence
cot

(
(β + 1)π

2

)
H(g) = f +H (Fβ(u))
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and multiplying both sides by tan
(

(β+1)π
2

)
results in

H(g) = tan

(
(β + 1)π

2

)
f + tan

(
(β + 1)π

2

)
H (Fβ(u))

Using the fact that f(u) = |u|β , along with the notation Gβ(u) := tan
(

(β+1)π
2

)
H (Fβ(u)) ∈ Cω(D), then

we have that
H(g) = tan

(
(β + 1)π

2

)
|u|β +Gβ(u)

as desired.

Utilizing Lemma 4.3 and Corollary 4.4, we may now use the Babenko equation to demonstrate Stokes’ main
result that the leading order singularity for the surface profile of the peaked Stokes wave gives us a 2/3 power
law, which will demonstrate that the Babenko equation requires the first term in our Stokes expansion (30)
to have power 2/3:

Theorem 4.5. If Equation (32) admits a solution such that η̃ = A|u|β +o(|u|β) as |u| → 0, where β ∈ (0, 1)
and an admissible value of A > 0, then it must be that β = 2/3.

Proof. We may split the proof into three cases to be considered. First, suppose that β ∈ (0, 1/2). Then it
will follow that β − 1 ∈ (−1, 0) and so from the preceding formulas we may write

K|u|β = − ∂

∂u
H|u|β = −βH|u|β−1sgn(u)

= − β tan

(
πβ

2

)
|u|β−1 + h.o.t.

Moreover, observe that 2β ∈ (0, 1) and thus we have, again by the preceding formulas, that

K|u|2β = − ∂

∂u
H|u|2β = −2βH|u|2β−1sgn(u)

= − 2β tan (πβ) |u|2β−1 + h.o.t.

Therefore, we see that the Babenko equation reads as

A|u|β = η̃ =
c2

2
+

1

2
Kη̃2 + η̃Kη̃

=
c2

2
+

1

2
KA2|u|2β +A|u|βKA|u|β

=
c2

2
−A2β tan (πβ) |u|2β−1 −A2β tan

(
πβ

2

)
|u|β−1 + h.o.t.

=
c2

2
−A2β

(
tan (πβ) + tan

(
πβ

2

))
|u|2β−1 + h.o.t

Now, in order for this equation to hold, it must be that the coefficient on the |u|2β−1 term is precisely zero,
for the fact that there is no other instance of such a power of |u| in the equation. Therefore, we require that

tan (πβ) + tan

(
πβ

2

)
= 0

Of course, tan (πβ) = sin(πβ)
cos(πβ) . By the double angle formulas for sine and cosine, then sin(πβ) = sin

(
2πβ

2

)
=
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2 sin
(

πβ
2

)
cos
(

πβ
2

)
and cos (πβ) = cos

(
2πβ

2

)
= cos2

(
πβ
2

)
− sin2

(
πβ
2

)
so that

tan (πβ) + tan

(
πβ

2

)
=

sin (πβ)

cos (πβ)
+

sin
(

πβ
2

)
cos
(

πβ
2

)
=

2 sin
(

πβ
2

)
cos
(

πβ
2

)
cos2

(
πβ
2

)
− sin2

(
πβ
2

) +
sin
(

πβ
2

)
cos
(

πβ
2

) = 0

so multiplying by cos
(

πβ
2

)(
cos2

(
πβ
2

)
− sin2

(
πβ
2

))
on both sides yields

2 sin

(
πβ

2

)
cos2

(
πβ

2

)
+ sin

(
πβ

2

)
cos2

(
πβ

2

)
− sin3

(
πβ

2

)
= 0

which is to say that

3 cos2
(
πβ

2

)
= sin2

(
πβ

2

)
= 1− cos2

(
πβ

2

)
and thus 4 cos2

(
πβ
2

)
= 1 so that cos

(
πβ
2

)
= 1

2 . This immediately implies that πβ
2 = π

3 and therefore
β = 2/3. Therefore, β ∈ (0, 1/2) is impossible.

Now, in the case where β = 1/2, then we see that η̃ = |u|1/2 and so we can compute that

Kη̃ = AK|u|1/2 = −A
2
tan

(π
4

)
|u|1/2 = −A

2
|u|1/2

Moreover, we see that, using Proposition 7.5 then

Kη̃2 = K|u| = −A2 ∂

∂u
H|u|

= −A2

(
∂

∂u

u

π
((ln(|π − u|)− ln(|π + u|))− 2 ln(|u|)) + ∂

∂u
G1(u)

)
= A2

(
1

π
(ln(|π + u|)− ln(|π − u|)) + 2

π
ln(|u|) + u

π(π − u)
+

u

π(π + u)
+

2

π

)
+ h.o.t

and thus the Babenko equation becomes

A|u|1/2 =
c2

2
+
A

2
K|u|+A|u|1/2KA|u|1/2

=
c2

2
+
A2

2

(
1

π
(ln(|π + u|)− ln(|π − u|)) + 2

π
ln(|u|) + u

π(π − u)
+

u

π(π + u)
+

2

π
− |u|

)
+ h.o.t

However, this cannot hold, given that there is a logarithmic singularity which appears on the right-hand side
that does not occur on the left-hand side. Therefore, the case β = 1/2 cannot occur.

Finally, let us suppose that β ∈ (1/2, 1). In this case, it will still follow that K|u|β = −β tan
(

πβ
2

)
|u|β−1.

However, the computation for K|u|2β is slightly more involved, given that 2β ∈ (1, 2). In order to use the
preceding formulas, we can simply compute the derivative of this quantity and then integrate the answer to
obtain the desired term. In particular, observe that

∂

∂u
K|u|2β = K

∂

∂u
|u|2β = 2βK|u|2β−1sgn(u)

= − 2β(2β − 1)H|u|2β−2

= 2β(2β − 1) cot

(
(2β − 1)π

2

)
|u|2β−2sgn(u) + h.o.t.
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Now, integrating this equation we obtain that

K|u|2β = 2β cot

(
(2β − 1)π

2

)
|u|2β−1 + h.o.t.

and hence we may again write our Babenko equation in the following way:

A|u|β =
c2

2
+

1

2
K|u|2β + |u|βK|u|β

=
c2

2
+Aβ cot

(
(2β − 1)π

2

)
|u|2β−1 −Aβ tan

(
πβ

2

)
|u|2β−1 + h.o.t.

=
c2

2
+Aβ

(
cot

(
(2β − 1)π

2

)
− tan

(
πβ

2

))
|u|2β−1 + h.o.t

and so just as before in order for this equation to hold, it must be that the coefficient on the |u|2β−1 term
is precisely zero, which means that

cot

(
(2β − 1)π

2

)
− tan

(
πβ

2

)
= 0

Of course, cot
(

(2β−1)π
2

)
= cot

(
βπ − π

2

)
= − tan(πβ) so we require that − tan(πβ)− tan

(
πβ
2

)
= 0 and thus

tan(πβ) + tan
(

πβ
2

)
= 0, which we saw gives precisely β = 2/3.

tan (πβ) + tan

(
πβ

2

)
= 0

Hence, we conclude that it is only possible to have β = 2/3, as desired.

Therefore, we see that the requirement that the first term in the Stokes wave expansion of the limiting wave
be 2/3 in order to preserve the 2π/3 angle at the peak is reproduced and enforced by the Babenko equation.
Note that in Theorem 4.5, we took β ∈ (0, 1) as we know there must exist a singularity in the derivative,
so β must be restricted to this interval. Additionally, we may perform a similar computation to determine
the behaviour of the second-order correction term in such an expansion (30), as is shown in the following
theorem:

Theorem 4.6. If Equation (32) admits a solution such that η̃ = A|u|2/3+B|u|µ+ o(|u|µ) as |u| → 0, where
the power of the first term is 2/3 by Theorem 4.5 and µ > 2/3, then it must be that µ ≥ µ∗ where µ∗ is the
second root of the equation

(µ+ 2/3) cot

(
(µ− 1/3)π

2

)
− µ tan

(µπ
2

)
− 2√

3
= 0. (35)

Proof. Just as in the proof of Theorem 4.5, we may split the proof into three cases to be considered.
However, we will need to adjust the cases depending upon which interval µ is assumed to be residing. We
will, nonetheless, follow the same argument, matching powers in the Babenko equation. Now, since we are
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taking η̃ = A|u|2/3 +B|u|µ + o(|u|µ) then Equation (32) reads as

A|u|2/3 +B|u|µ + o(|u|µ) = η̃ =
c2

2
+

1

2
Kη̃2 + η̃Kη̃

=
c2

2
+

1

2
K
(
A2|u|4/3 + 2AB|u|µ+2/3 +B2|u|2µ + o(|u|2µ)

)
+
(
A|u|2/3 +B|u|µ + o(|u|µ)

)
K
(
A|u|2/3 +B|u|µ + o(|u|µ)

)
=
c2

2
+
A2

2
K|u|4/3 +ABK|u|µ+2/3 +

B2

2
K|u|2µ + o(|u|2µ−1)

+
(
A|u|2/3 +B|u|µ + o(|u|µ)

)(
AK|u|2/3 +BK|u|µ + o(|u|µ−1)

)
=
c2

2
+
A2

2
K|u|4/3 +ABK|u|µ+2/3 +

B2

2
K|u|2µ +A2|u|2/3K|u|2/3 +AB|u|2/3K|u|µ

+AB|u|µK|u|2/3 +B2|u|µK|u|µ + o(|u|µ−1/3)

=
c2

2
+
A2

2
K|u|4/3 +ABK|u|µ+2/3 +A2|u|2/3K|u|2/3 +AB|u|2/3K|u|µ

+O(|u|2µ−1) + o(|u|µ−1/3)

where we see the last line follows since K|u|2µ and |u|µK|u|µ are O(|u|2µ−1). However, note that we are
assuming µ > 2/3 and hence this implies 2µ− 1 > µ− 1/3, so that O(|u|2µ−1) + o(|u|µ−1/3) = o(|u|µ−1/3).
Therefore, the Babenko equation becomes

A|u|2/3+B|u|µ+o(|u|µ) = c2

2
+
A2

2
K|u|4/3+ABK|u|µ+2/3+A2|u|2/3K|u|2/3+AB|u|2/3K|u|µ+o(|u|µ−1/3)

Now, the evaluation of these leading order terms under the Babenko operator generally depends on the
intervals for which µ is contained. Of course, there are a few terms that we can begin by immediately
evaluating. Let us observe that our proceeding formulas imply that

K|u|2/3 = − ∂

∂u
H|u|2/3 = − ∂

∂u

√
3|u|2/3sgn(u) + h.o.t.

= − 2√
3
|u|−1/3 + h.o.t.

Moreover, let us see that

K|u|4/3 = − ∂

∂u
H|u|4/3 =

∂

∂u

√
3|u|4/3sgn(u) + h.o.t.

=
4√
3
|u|1/3 + h.o.t.

and thus the Babenko equation now reads as

A|u|2/3 +B|u|µ + o(|u|µ) = c2

2
+

2A2

√
3
|u|1/3 +ABK|u|µ+2/3 −A2 2√

3
|u|1/3 +AB|u|2/3K|u|µ

−AB|u|µ 2√
3
|u|−1/3 + o(|u|µ−1/3)

=
c2

2
+AB

(
− 2√

3
|u|µ−1/3 +K|u|µ+2/3 + |u|2/3K|u|µ

)
+ h.o.t.

and so in general one needs to be able to compute the quantities K|u|µ and K|u|µ+2/3 for a given value of
µ in order to reduce this equation. Of course, just as before, this will involve a case analysis on the value
of µ, differentiating the terms sufficiently so that Lemma 4.3 may be invoked. However, we may streamline
the computations by computing K|u|γ for γ in a few intervals:
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• If γ ∈ (0, 1), then we see that γ − 1 ∈ (−1, 0) so we may apply Lemma 4.3. Hence

K|u|γ = −H ∂

∂u
|u|γ = −γH

(
|u|γ−1sgn(u)

)
= −γ tan

(γπ
2

)
|u|γ−1 + h.o.t.

• If γ ∈ (1, 2) then we see that γ − 2 ∈ (−1, 0) so we may apply Lemma 4.3. Hence

∂

∂u
K|u|γ = −H ∂2

∂2u
|u|γ = −γ(γ − 1)H

(
|u|γ−2

)
= γ(γ − 1) cot

(
(γ − 1)π

2

)
|u|γ−2 + h.o.t.

and so integrating this equation shows that

K|u|γ = γ cot

(
(γ − 1)π

2

)
|u|γ−1 + h.o.t.

as desired.

• If γ ∈ (2, 3) then we see that γ − 3 ∈ (−1, 0) so we may apply Lemma 4.3. Hence

∂2

∂2u
K|u|γ = −H ∂3

∂3u
|u|γ = −γ(γ−1)(γ−2)H

(
|u|γ−3sgn(u)

)
= −γ(γ−1)(γ−2) tan

(
(γ − 2)π

2

)
|u|γ−3+h.o.t.

and so integrating this equation shows that

∂

∂u
K|u|γ = −γ(γ − 1) tan

(
(γ − 2)π

2

)
|u|γ−2 + h.o.t.

Moreover, integrating again yields

K|u|γ = −γ tan
(
(γ − 2)π

2

)
|u|γ−1 + h.o.t.

Now, that we have performed these computations, we may utilize the formulas to reduce our Babenko
equation.

First, suppose that µ ∈
(
2
3 , 1
)
. Then in particular, since µ ∈ (0, 1) we may use our previous formula to

observe that
K|u|µ = −µ tan

(µπ
2

)
|u|µ−1 + h.o.t.

Furthermore, it will follow that µ + 2/3 ∈
(
4
3 ,

5
3

)
⊂ (1, 2) and hence µ + 2/3 ∈ (1, 2) so by our previous

calculations,

K|u|µ+2/3 = (µ+ 2/3) cot

(
(µ− 1/3)π

2

)
|u|µ−1/3 + h.o.t.

Therefore, in this case the Babenko equation reads as

A|u|2/3 +B|u|µ + o(|u|µ) = c2

2
+AB

(
− 2√

3
+ (µ+ 2/3) cot

(
(µ− 1/3)π

2

)
− µ tan

(µπ
2

))
|u|µ−1/3 + h.o.t

Now, note that we have µ − 1/3 ̸= 2/3 since µ ∈ (2/3, 1) and µ − 1/3 < µ. Therefore, there is no |u|µ−1/3

term that appears on the left-hand side of the Babenko equation above. In order to have the proper balance
in the equation, we will thus require that the |u|µ−1/3 term cancels on the right-hand side. That is, we need
to have that

AB

(
− 2√

3
+ (µ+ 2/3) cot

(
(µ− 1/3)π

2

)
− µ tan

(µπ
2

))
= 0

and thus
(µ+ 2/3) cot

(
(µ− 1/3)π

2

)
− µ tan

(µπ
2

)
− 2√

3
= 0 (36)
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Now, let us determine the roots of this equation. Consider Figure 3, which plots this equation as a function
of µ:

Figure 3: Plot of the equation (µ+ 2/3) cot
(

(µ−1/3)π
2

)
− µ tan

(
µπ
2

)
− 2√

3
= 0 for values of µ. The roots have been

computed numerically and are displayed.

Observe that the first possible root is µ = 2/3. Since we took µ > 2/3, then this root is inadmissible. Since
the next root to the equation (36) is µ ≈ 1.469 > 1 then this contradicts our assumption that µ ∈

(
2
3 , 1
)
,

which shows this case is not possible. Now, suppose that we have µ = 1. Then we see that

K|u|µ = − ∂

∂u
H|u|

= − ∂

∂u

u

π
((ln(|π − u|)− ln(|π + u|))− 2 ln(|u|)) + ∂

∂u
G1(u)

=
1

π
(ln(|π + u|)− ln(|π − u|)) + 2

π
ln(|u|) + u

π(π − u)
+

u

π(π + u)
+ 2 + h.o.t

Moreover, µ+ 2/3 = 5/3 ∈ (1, 2) and therefore we see that

K|u|µ+2/3 = K|u|5/3 =
5

3
cot
(π
3

)
|u|2/3 + h.o.t. =

5

3
√
3
|u|2/3 + h.o.t.

Therefore, in this case the Babenko equation reads as

A|u|2/3 +B|u|+ h.o.t. =
c2

2
+AB

(
− 2√

3
+

5

3
√
3
− 1

π
(ln(|π − u|)− ln(|π + u|)) + 2

π
ln(|u|) + u

π(π − u)

+
u

π(π + u)
+ 2

)
|u|2/3 + h.o.t.

Thus, we see that there are logarithmic terms on the right-hand side of this equation, however, such loga-
rithmic singularities do not appear on the left-hand side of the equation. This contradicts the statement of
the Babenko equation, and thus we have that µ ̸= 1.

Next, suppose that µ ∈
(
1, 43

)
. Then in particular, since µ ∈ (1, 2) we may use our previous calculations to

observe that
K|u|µ = µ cot

(
(µ− 1)π

2

)
|u|µ−1 + h.o.t.
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Furthermore, it will follow that µ+ 2/3 ∈
(
5
3 , 2
)
⊂ (1, 2) and hence µ+ 2/3 ∈ (1, 2) so it will follow by the

previous formula that

K|u|µ+2/3 = (µ+ 2/3) cot

(
(µ− 1/3)π

2

)
|u|µ−1/3 + h.o.t.

Therefore, in this case the Babenko equation reads as

|u|2/3 + |u|µ + o(|u|µ) = c2

2
+AB

(
− 2√

3
+ (µ+ 2/3) cot

(
(µ− 1/3)π

2

)
+ µ cot

(
(µ− 1)π

2

))
|u|µ−1/3 + h.o.t

Now, note that we have µ − 1/3 ̸= 2/3 since µ ∈ (1, 4/3) and µ − 1/3 < µ. Therefore, there is no |u|µ−1/3

term that appears on the left-hand side of the Babenko equation above. In order to have the proper balance
in the equation, we will thus require that the |u|µ−1/3 term cancels on the right-hand side. That is, we need
to have that

AB

(
− 2√

3
+ (µ+ 2/3) cot

(
(µ− 1/3)π

2

)
+ µ cot

(
(µ− 1)π

2

))
= 0

and thus
(µ+ 2/3) cot

(
(µ− 1/3)π

2

)
+ µ cot

(
(µ− 1)π

2

)
− 2√

3
= 0 (37)

Of course, since cot
(

(µ−1)π
2

)
= cot

(
µπ
2 − π

2

)
= − tan

(
µπ
2

)
then we have that (37) reduces immediately to

(36). Since Figure (3) shows that the next root is µ ≈ 1.469 > 4
3 , then this contradicts the assumption that

µ ∈
(
1, 43

)
, showing this cannot happen.

Now, suppose that we have µ = 4/3. As we have computed in the Appendix in Corollary 7.4, then K|u|µ =
K|u|4/3 = 4√

3
|u|1/3. Moreover, µ + 2/3 = 4/3 + 2/3 = 2 and we so we thus see it follows from Proposition

7.5 that

K|u|µ+2/3 = K|u|2 =
2u

π
(ln(|π + u|)− ln(|π − u|)) + u2

π(π − u)
+

u2

π(π + u)
+ h.o.t

Therefore, in this case the Babenko equation reads as

|u|2/3 + |u| = c2

2
+AB

(
− 2√

3
|u|+ 2u

π
(ln(|π + u|)− ln(|π − u|)) + u2

π(π − u)
+

u2

π(π + u)
+

4√
3
|u|1/3

)
Thus, we see that there are logarithmic terms on the right-hand side of this equation which do not cancel,
however, such logarithmic singularities do not appear on the left-hand side of the equation. This contradicts
the statement of the Babenko equation, and thus we have that µ ̸= 4/3.

Finally, suppose that µ ∈
(
4
3 , 2
)
. Then in particular, since µ ∈ (1, 2) we may use our previous formula to

observe that
K|u|µ = µ cot

(
(µ− 1)π

2

)
|u|µ−1 + h.o.t.

Furthermore, it will follow that µ+ 2/3 ∈
(
2, 83

)
⊂ (2, 3) and hence µ+ 2/3 ∈ (2, 3) so it will follow by the

previous formula that

K|u|µ+2/3 = − (µ+ 2/3) tan

(
(µ− 4/3)π

2

)
|u|µ−1/3 + h.o.t.

Therefore, in this case the Babenko equation reads as

|u|2/3 + |u|µ + o(|u|µ) = c2

2
+AB

(
− 2√

3
− (µ+ 2/3) tan

(
(µ− 4/3)π

2

)
+ µ cot

(
(µ− 1)π

2

))
|u|µ−1/3 + h.o.t.

Note again that we have µ − 1/3 ̸= 2/3 since µ ̸= 1 and µ − 1/3 < µ. Therefore, there is no |u|µ−1/3 term
that appears on the left-hand side of the Babenko equation above. In order to have the proper balance in
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the equation, we will thus require that the |u|µ−1/3 term cancels on the right-hand side. That is, we need to
have that

AB

(
− 2√

3
− (µ+ 2/3) tan

(
(µ− 4/3)π

2

)
+ µ cot

(
(µ− 1)π

2

))
= 0

and thus
− (µ+ 2/3) tan

(
(µ− 4/3)π

2

)
+ µ cot

(
(µ− 1)π

2

)
− 2√

3
= 0

Of course, since cot
(

(µ−1)π
2

)
= cot

(
µπ
2 − π

2

)
= − tan

(
µπ
2

)
then this equation can be rewritten as

− (µ+ 2/3) tan

(
(µ− 4/3)π

2

)
− µ tan

(µπ
2

)
− 2√

3
= 0

Further, given that tan
(

(µ−4/3)π
2

)
= tan

(
µπ
2 − π/3

2 − π
2

)
= − cot

(
(µ−1/3)π

2

)
then we see that this equation

reduces again to

(µ+ 2/3) cot

(
(µ− 1/3)π

2

)
− µ tan

(µπ
2

)
− 2√

3
= 0

and this is identical to (36). Since Figure (3) shows there does, in fact, exist a root in this interval µ∗ ≈ 1.469,
then we see that this is the first admissible root (and it is the second root of this equation). It is therefore
possible that µ takes this value. Hence, we have that µ ≥ µ∗ where µ∗ is the second solution to the equation

(µ+ 2/3) cot

(
(µ− 1/3)π

2

)
− µ tan

(µπ
2

)
− 2√

3
= 0

In particular, we have shown that it must be that µ > 1.

Remark 4.7. Theorem 4.6 demonstrates that the power µ of the second-order correction term in the Stokes
wave expansion for the peaked wave satisfies Equation (35), and in fact it must be greater than or equal
to µ∗, the second root of this equation. In the proof of this Theorem, we demonstrated numerically that
µ∗ ≈ 1.469 and this matches the lower bound that Grant obtained for the second-order correction [14].
Moreover, Grant showed that the power of the second-order correction term is an irrational number that
satisfies the equation (31). However, one may verify that any solution to (31) must also satisfy the equation
(36) derived using the Babenko equation. Hence, this shows that the Babenko equation is able to recover all
the possible powers for the second-order correction term in the Stokes wave expansion for the peaked wave.
Moreover, it is able to verify that the only contribution to the singularity in the first derivative in the Stokes
expansion (30) is due to the first term in the expansion.

Now that we have utilized the Babenko equation to verify existing results surrounding the nature of the
leading order singularity in the expansion of the surface profile of the peaked Stokes wave, as well as the
second-order correction term, it is natural to wonder whether the Babenko equation provides information
surrounding the coefficients in the Stokes expansion. While there exists numerical results as to what these
coefficients should be, it is not a straightforward result analytically, and thus the current literature suggests
that there are no analytical results which describe exactly which coefficients are admissible [12].

Remark 4.8. Using the Babenko equation for the Stokes wave expansion, we also do not have information
about the admissible values for c > 0 and A > 0 in the asymptotic expansion η(u) = c2

2 −A|u|2/3+O
(
|u|µ∗)

as |u| → 0, where µ∗ is the second root in the equation (35). This is because these coefficients are defined
for the Babenko equation (18) by the constants in the expansions

Kη̃ = − 2A√
3
|u|−1/3 + c1 + o(1)

and Kη̃2 =
4A2

√
3
|u|1/3 + c2 + o(1)
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where c1, c2 are defined on the entire profile η̃. Nevertheless, we can see that the expansion (18) is consistent
if c1 = 1 and c2 = −c2. To show this, take η̃(u) = A|u|2/3+o

(
|u|µ∗)

as |u| → 0, and so we may thus directly
compute

Kη̃ = −A
∂

∂u
H|u|2/3 + o(1)

= − 2A√
3
|u|−1/3 + c0 + o(1)

where we’ve used the fact that K|u|2/3 = −A ∂
∂u

√
3|u|2/3sgn(u) + h.o.t. = − 2A√

3
|u|−1/3 + h.o.t. and we’ve

taken c0 constant that is determined from the higher order terms in the evaluation of K|u|2/3 as well as
Ko(|u|). Moreover, we see that η̃2 = A2|u|4/3 + o

(
|u|2/3

)
and so we thus see that

Kη̃2 = A2K|u|4/3 + o
(
|u|2/3

)
= A2 ∂

∂u

√
3|u|4/3sgn(u) + o

(
|u|2/3

)
= A2 4√

3
|u|1/3 + c̃0 + o

(
|u|2/3

)
where again we’ve used the fact that K|u|4/3 = A2 ∂

∂u

√
3|u|4/3sgn(u)+h.o.t. = A2 4√

3
|u|1/3+h.o.t. and we’ve

taken c̃0 to be a constant that is determined from the higher order terms in the evaluation of K|u|4/3 as well
as Ko

(
|u|2/3

)
. Thus, inserting these quantities into the Babenko equation (32), then we observe that

A|u|2/3+O
(
|u|µ

∗
)
=
c2

2
+
1

2

(
4A2

√
3
|u|1/3 + c̃0 + o

(
|u|2/3

))
+
(
A|u|2/3 +O

(
|u|µ

∗
))(

− 2A√
3
|u|−1/3 + c0 + o(1)

)
and hence

A|u|2/3 +O
(
|u|µ

∗
)
=
c2

2
+
c̃0
2

+A2 2√
3
|u|1/3 − 2A2

√
3
|u|1/3 + c0A|u|2/3 + o

(
|u|2/3

)
=
c2

2
+
c̃0
2

+ c0A|u|2/3 + o
(
|u|2/3

)
and thus since the left-hand side only contains one term involving |u|2/3 then we must take Ac0 = A and
thus c0 = 1. Moreover, the constant terms must also cancel to give c2 = −c̃0. Thus, in performing this
expansion, we have obtained that

η̃ = A|u|2/3 +O
(
|u|µ

∗
)

Kη̃ = − 2A√
3
|u|−1/3 + 1 + o(1) (38)

Kη̃2 = A2 4√
3
|u|1/3 − c2 + o

(
|u|2/3

)
and hence we observe that the constant A has not been uniquely identified after inserting the expansion
η̃(u) = A|u|2/3 +O

(
|u|µ∗)

into the Babenko equation. In fact, we obtain the nonlocal problem (38) which
demonstrates that the constant A must depend itself on the other terms in O

(
|u|µ∗)

in the expansion. Hence,
the Babenko equation has confirmed that, in general, we do not have information relating to the coefficients
in the peaked Stokes wave expansion.

5 Conclusion

Throughout this thesis, we have reviewed the literature, noting that the non-limiting Stokes waves in a fluid
of infinite depth are smooth, with properties that may be analyzed through small amplitude expansions. We
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also reviewed the fact that there exists a wave of greatest amplitude, which has a singularity at its peak.
We have shown that, from the governing equations of motion when applied to smooth Stokes waves, we may
derive the Babenko equation (18) for travelling wave solutions of the Euler equations. With the Babenko
equation, we analyzed smooth Stokes waves, determining the coefficients in the small amplitude expansion
of the surface profile and wave speed, as well as for the small amplitude expansion of the eigenvalues for the
linearized Babenko operator existing in the even subspace. We were able to demonstrate that the Babenko
equation reproduces the known results about these quantities in the small amplitude limit. Moreover, we
were able to verify that the Babenko equation yields no contradictions to the current literature when applied
to the limiting Stokes waves, thus lending credence to its ability to gain new information for the wave of
greatest height. Finally, we were able to use the Babenko equation to explicitly determine the first two
powers in the Stokes expansion of the surface profile near the singularity. Altogether, we are able to see
that the Babenko equation reproduces known results for both the limiting and non-limiting Stokes waves,
thus providing evidence that the Babenko equation holds for the peaked wave. Hence, the results of this
thesis allow for us to conclude that the Babenko equation is a powerful tool that provides another avenue to
investigate the Stokes waves solutions to the Euler equations.

There are several opportunities for future work to extend the results of this thesis. To begin, one can
investigate the properties surrounding the coefficients in the Stokes wave expansion at the limiting wave. As
demonstrated in Remark 4.8, we do not have information relating to the coefficients in the expansion, and
so one could investigate properties relating to the magnitude and possible uniqueness of such coefficients.
Moreover, while it is known that the surface profile may be expanded asymptotically in the Stokes wave
expansion (30), another opportunity for future research is the investigation of the rate of convergence of this
expansion, which could include utilizing tools from the current literature as well as the Babenko equation.
Additionally, an analysis of the spectrum of the operators in the linearized equations of stability (22) can
be performed, in order to understand the stability of the limiting Stokes wave. Finally, an extension of the
results to fluids at a finite depth may also be pursued. One might derive an analogous Babenko equation
in the shallow water limit, and a Babenko operator Kh for a fluid at a depth h. Corresponding asymptotic
expansions of the surface profile may be examined, with similar analyses of the structure of the wave as well
as an analysis of the resulting stability.

6 Appendix A: Common Properties of Hilbert Transform

In this Appendix, we will prove some basic properties of the Hilbert transform which are employed throughout
the proofs of the various claims in this thesis. To begin, we analyze the action of the Hilbert transform on
the sine and cosine functions.

Proposition 6.1. The Hilbert transform H is such that, for all m ∈ Z then

H(sin(mx)) = cos(mx) and H(cos(mx)) = − sin(mx)

Proof. First, to determine H(sin(mx)), we’ll need to compute the Fourier modes of f(x) := sin(mx). These
are given by the functions fk (for −∞ < k <∞) where

f(x) =

∞∑
k=−∞

fke
ikx 2π

λ =

∞∑
k=−∞

fke
ikmx

since f(x) is a λ = 2π/m periodic function. Now, since we can write that

sin(mx) =
eimx − e−imx

2i

then it follows that

fk =


1
2i k = 1

− 1
2i k = −1

0 else
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and therefore we have that equation (7) shows that

H(f(x)) =

∞∑
k=−∞

isgn (k) fke
ikx 2π

λ =

∞∑
k=−∞

isgn (k) fke
ikmx

= isgn (−1) f−1e
−imx + isgn (1) f1e

imx

= − i

(
−1

2i

)
e−imx + i

(
1

2i

)
eimx

=
eimx + e−imx

2
= cos(mx)

and hence we see that H(sin(mx)) = cos(mx). Moreover, to determine H(cos(mx)), we perform a similar
analysis, first computing the Fourier modes of g(x) := cos(mx). These are given by the functions gk (for
−∞ < k <∞) for which

g(x) =

∞∑
k=−∞

gke
ikx 2π

λ =

∞∑
k=−∞

gke
ikmx

since g(x) is a λ = 2π/m periodic function. Now, since we can write that

cos(mx) =
eimx + e−imx

2

then it follows that

gk =


1
2 k = 1
1
2 k = −1

0 else

and therefore we have that equation (7) shows that

H(g(x)) =

∞∑
k=−∞

isgn (k) gke
ikx 2π

λ =

∞∑
k=−∞

isgn (k) gke
ikmx

= isgn (−1) g−1e
−imx + isgn (1) g1e

imx

= − i

(
1

2

)
e−imx + i

(
1

2

)
eimx

=
ieimx − ie−imx

2
=
e−imx − eimx

2i
= − sin(mx)

and hence we see that H(cos(mx)) = − sin(mx), as desired.

Moreover, it can be useful to observe the following property about Hilbert transforms, effectively allowing
us to nearly reverse the Hilbert transform of a function by applying it twice:

Proposition 6.2. For a periodic function f with period λ, we have that H2f = −(f − f0), where f0 is the
zeroth Fourier coefficient of f .

Proof. Consider such a periodic function f . As per equation (7), then we know that we can write

Hf =

∞∑
k=−∞

isgn (k) fke
ikx 2π

λ :=

∞∑
k=−∞

(Hf)k e
ikx 2π

λ
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which shows that (Hf)k = isgn (k) fk is the kth Fourier mode of Hf . Now, applying H once more results in

H2f =

∞∑
k=−∞

isgn (k) (Hf)k e
ikx 2π

λ =

∞∑
k=−∞

isgn (k) isgn(k)fkeikx
2π
λ

= −
∞∑

k=−∞

sgn (k)
2
fke

ikx 2π
λ

= −
−1∑

k=−∞

fke
ikx 2π

λ −
∞∑
k=1

fke
ikx 2π

λ

= −
−1∑

k=−∞

fke
ikx 2π

λ − f0 −
∞∑
k=1

fke
ikx 2π

λ + f0

= −
∞∑

k=−∞

fke
ikx 2π

λ + f0 = −(f − f0)

and hence we see that H2f = −(f − f0) as desired.

Remark 6.3. Note that it follows from Proposition (6.2) that when the zeroth fourier coefficient f0 of a
periodic function f is zero, then H2f = −f . In particular, this result will thus hold if we take f to be a
periodic function with zero mean on its interval of periodicity.

7 Appendix B: Properties of Hilbert Transforms for the Stokes Ex-
pansion

In this Appendix, we will prove properties relating to the Hilbert transform which are relevant for our proofs
in Section 4. These properties are useful for being able to perform computations when applying the Babenko
equation (18) to the Stokes wave expansion (30), which we are taking as an expansion in powers of the wave
amplitude. The first property we will prove relates to the general form of the Hilbert transform when acting
upon one of the terms in this expansion:

Theorem 7.1. Suppose that f(u) = |u|β , where β ∈ (−1,∞), is defined on [−π, π], and is extended to R
with a period of 2π. Then it follows that we may compute the Hilbert transform of f as:

H (f) (u) =
1

π

 π

−π

|x|β

x− u
dx+ F (u)

where F ∈ Cω (D) is some analytic function, for any compact subset D of (−π, π). In particular, for instance,
F ∈ Cω

([
−π

2 ,
π
2

])
, since

[
−π

2 ,
π
2

]
is a compact subset of (−π, π).

Proof. Recall that, by definition, as stated in [6], since f is a 2π-periodic function, then we may write the
Hilbert transform of f as

H (f) (u) =
1

2π

 π

−π

|x|β

tan
(
x−u
2

)dx.
Further, reducing the definition of the Hilbert transform on the real line given by equation (6), we obtain
the expansion

H (f) (u) =
1

π

∞∑
n=−∞

 π

−π

|x|β

x− u+ 2πn
dx =

1

π

 π

−π

|x|β

x− u
dx+

1

π

∑
n∈Z\{0}

 π

−π

|x|β

x− u+ 2πn
dx.
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Now, letting F (u) := 1
π

∑
n∈Z\{0}

� π

−π
|x|β

x−u+2πndx then it follows that

H (f) (u) =
1

π

 π

−π

|x|β

x− u
dx+ F (u).

Taking any D which is a compact subset of (−π, π), then we need only show that F ∈ Cω (D). From above,
we see that

1

π

 π

−π

|x|β

x− u
dx+ F (u) =

1

2π

 π

−π

|x|β

tan
(
x−u
2

)dx
and hence

F (u) =
1

2π

 π

−π

|x|β

tan
(
x−u
2

)dx− 1

π

 π

−π

|x|β

x− u
dx

=
1

π

 π

−π

|x|β
(

1

2 tan
(
x−u
2

) − 1

x− u

)
dx

Now, taking the function k given by

k(x) :=
1

2 tan
(
x
2

) − 1

x

then we have that
F (u) =

1

π

 π

−π

|x|β k(x− u)dx.

Moreover, note that k is analytic everywhere except where there exists singularities, and given that it
may be extended analytically to include 0, then the first set of singularities exists at x = ±2π, so that
k ∈ Cω((−2π, 2π)). So, we may expand k in a Taylor series about the point x = 0:

k(x) =

∞∑
n=0

1

n!
k(n)(0)xn

where the radius of convergence of this Taylor series expansion is R := 2π. Now, we thus have that

F (u) =
1

π

 π

−π

∞∑
n=0

|x|β 1

n!
k(n)(0)(x− u)ndx

=
1

π

∞∑
n=0

 π

−π

|x|β 1

n!
k(n)(0)(x− u)ndx

where we may exchange the integral and the series since the series converges uniformly within its interval of
convergence. Now, letting MR denote the maximum value of |k(x)| on the interval of convergence, then it
follows from Cauchy’s integral formula [2] that∣∣k(n)(0)∣∣

n!
≤ MR

Rn

and so we see that

|F (u)| ≤
∞∑

n=0

1

πn!

∣∣∣k(n)(0)∣∣∣ ∣∣∣∣ π

−π

|x|β (x− u)
n
dx

∣∣∣∣ ≤ ∞∑
n=0

MR

πRn

∣∣∣∣ π

−π

|x|β (x− u)
n
dx

∣∣∣∣
≤

∞∑
n=0

MR

πRn

 π

−π

|x|β |x− u|n dx.

Of course, taking x ∈ [−π, π], then we have that |x| ≤ π. Moreover, because D is a compact subset of
(−π, π), then there exists some constant K ∈ R for which |u| ≤ K < π for all u ∈ D. Thus, combining these
facts with the triangle inequality we obtain that

|x− u|n ≤ (|x|+ |u|)n ≤ (π +K)n.
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Hence, we obtain that

|F (u)| ≤
∞∑

n=0

MR(π +K)n

πRn

 π

−π

|x|βdx.

Taking

Cβ :=

 π

−π

|x|βdx

then observe that for β ∈ (−1,∞) we have that Cβ <∞ and it is thus a finite constant independent of index
of summation n. Therefore, we see, using R = 2π, that

|F (u)| ≤ MRCβ

π

∞∑
n=0

(
π +K

2π

)n

<∞

where
∑∞

n=0

(
π+K
2π

)n
< ∞, because K < π so that π + K < 2π and therefore π+K

2π < 1 and hence this
is a convergent geometric series. In particular, given that u ∈ D was arbitrary, then |F (u)| is bounded
above by such a convergent geometric series, which shows that F is majorized by this series, thus implying,
by Majorant’s Lemma [9] that F is real analytic for all u ∈ D. Thus, we have that F ∈ Cω(D), as was
desired.

Remark 7.2. The previous theorem allows for us to identify and isolate the singular behaviour of the Hilbert
transform acting on a 2π-periodic function of the form f(u) = |u|β , where β ∈ (−1,∞). In particular, in
order to understand the singular behaviour of H (f) for such a function f , then the previous theorem shows
that any singularity will come from the integral

� π

−π
|x|β
x−udx contribution. Also note that, while the remainder

term is not guaranteed to be analytic over all of R, it is analytic on every compact subset of (−π, π). Hence,
since our Stokes expansion for the surface profile η(u) given by (30) holds in the limit that u → 0, then
we are working arbitrarily close to the peak. Thus, Theorem (7.1) tells us that, upon applying the Hilbert
transform to a given term |u|β in the Stokes expansion, the singularity will not arise due to the remainder
terms, but rather due to the integral term

� π

−π
|x|β
x−udx.

It is useful to understand the Hilbert transform of functions of the form f(u) = |u|β/3 for β = 1, 2, and
so in the following proposition we will investigate an explicit computation of the leading order terms after
applying the Hilbert transform:

Proposition 7.3. The Hilbert transform acts on the functions |u|1/3 and |u|2/3 as follows:

H
(
|u|1/3

)
=

1√
3
|u|1/3sgn(u) + F1/3(u)

H
(
|u|2/3

)
=

√
3|u|2/3sgn(u) + F2/3(u)

for F1/3 = O(|u|) and F2/3 = O(|u|).

Proof. Let us first utilize the notation

G1(x) :=
1

2
ln

(
(x+ 1)2

x2 − x+ 1

)
and G2(x) := G1(−x) =

1

2
ln

(
(1− x)2

x2 + x+ 1

)
(39)

and
K1(x) :=

√
3 arctan

(
2x− 1√

3

)
and K2(x) := K1(−x) = −

√
3 arctan

(
2x+ 1√

3

)
(40)

Note that

G1

(
π1/3u−1/3

)
=

1

2
ln

(
(π1/3u−1/3 + 1)2

π2/3u−2/3 − π1/3u−1/3 + 1

)
=

1

2
ln

(
(π1/3 + u1/3)2

π2/3 − π1/3u1/3 + u2/3

)
= ln

(
π1/3 + u1/3

)
− 1

2
ln
(
π2/3 − π1/3u1/3 + u2/3

)
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Now, observe that π2/3 − π1/3u1/3 + u2/3 = π+u
π1/3+u1/3 and therefore we see that

ln
(
π2/3 − π1/3u1/3 + u2/3

)
= ln

(
π + u

π1/3 + u1/3

)
= ln (π + u)− ln

(
π1/3 + u1/3

)
so that

G1

(
π1/3u−1/3

)
=

3

2
ln
(
π1/3 + u1/3

)
− 1

2
ln (π + u)

Note as well that G1(0) =
1
2 ln

(
(0+1)2

0+1

)
= 1

2 ln(1) = 0 so that G1(0) = 0. We also see that

G2

(
π1/3u−1/3

)
=

1

2
ln

(
(1− π1/3u−1/3)2

π2/3u−2/3 + π1/3u−1/3 + 1

)
=

1

2
ln

(
(π1/3 − u1/3)2

π2/3 + π1/3u1/3 + u2/3

)
= ln

(
π1/3 − u1/3

)
− 1

2
ln
(
π2/3 + π1/3u1/3 + u2/3

)
Now, observe that π2/3 + π1/3u1/3 + u2/3 = π−u

π1/3−u1/3 and therefore we see that

ln
(
π2/3 + π1/3u1/3 + u2/3

)
= ln

(
π − u

π1/3 − u1/3

)
= ln (π − u)− ln

(
π1/3 − u1/3

)
and hence

G2

(
π1/3u−1/3

)
=

3

2
ln
(
π1/3 − u1/3

)
− 1

2
ln (π − u)

Moreover, we see that G2(0) = 1
2 ln

(
(1−0)2

0+1

)
= 1

2 ln(1) = 0 so that G2(0) = 0. Let us further compute
limiting values for K1 and K2. Observe that

K1

(
π1/3u−1/3

)
=

√
3 arctan

(
2π1/3u−1/3 − 1√

3

)
=

√
3 arctan

(
2π1/3 − u1/3√

3u1/3

)
as well as K1(0) =

√
3 arctan

(
2·0−1√

3

)
=

√
3 arctan

(
−1√
3

)
= −

√
3π
6 = −π

2
√
3

so K1(0) =
−π
2
√
3
. Moreover, we also

have that

K2

(
π1/3u−1/3

)
= −

√
3 arctan

(
2π1/3u−1/3 + 1√

3

)
= −

√
3 arctan

(
2π1/3 + u1/3√

3u1/3

)
as well as K2(0) = −

√
3 arctan

(
2·0+1√

3

)
= −

√
3 arctan

(
1√
3

)
= −

√
3π
6 = − π

2
√
3

so K2(0) = − π
2
√
3
.

In order to perform these computations, let us observe from [10] that Equation 2.126 (1) shows that
�

x3

1 + x3
dx = x− 1

3
(G1(x) +K1(x)) (41)

and thus taking x→ −x allows us to see that
�

x3

1− x3
dx = − x− 1

3
(G2(x) +K2(x)) (42)

Moreover, we also see from [10] that Equation 2.126 (2) shows that
�

x4

1 + x3
dx =

x2

2
+

1

3
(G1(x)−K1(x)) (43)
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and so, again, taking x→ −x shows that
�

x4

1− x3
dx = − x2

2
− 1

3
(G2(x) +K2(x)) (44)

Now, using these four explicit integrals, we may evaluate both of these Hilbert transforms.

Let us first verify that H
(
|u|1/3

)
= 1√

3
|u|1/3sgn(u) + F1/3(u). Now, by Theorem 7.1, we know that

H
(
|u|1/3

)
=

1

π

 π

−π

|x|1/3

x− u
dx+ F̃1/3(u) (45)

for some F̃1/3 ∈ Cω(D1) where D1 is a compact subset of (−π, π). Now, let us begin by taking u > 0. We
will evaluate the first integral in this summation. Note that

� π

−π

|x|1/3

x− u
dx =

� 0

−π

|x|1/3

x− u
dx+

� π

0

|x|1/3

x− u
dx =

� 0

−π

(−x)1/3

x− u
dx+

� π

0

x1/3

x− u
dx

To handle the first integral in this sum, simply perform the change of variables v = (−x)1/3 u−1/3 and hence
we see that
� 0

−π

(−x)1/3

x− u
dx =

1

u

� 0

−π

(−x)1/3
x
u − 1

dx =
1

u

� 0

π1/3u−1/3

(
vu1/3

) (
−3v2u

)
−v3 − 1

dv =
1

u

� 0

π1/3u−1/3

3u4/3v3

v3 + 1
dv

= − 3u1/3
� π1/3u−1/3

0

v3

v3 + 1
dv

= − 3u1/3
[
v − 1

3
(G1(v) +K1(v))

]v=π1/3u−1/3

v=0

= − 3u1/3
(
π1/3u−1/3 − 1

3

(
G1(π

1/3u−1/3) +K1(π
1/3u−1/3)

)
+

1

3
(G1(0) +K1(0))

)
= − 3u1/3

(
π1/3u−1/3 − 1

3

(
3

2
ln
(
π1/3 + u1/3

)
− 1

2
ln (π + u) +

√
3 arctan

(
2π1/3 − u1/3√

3u1/3

)

+
π

2
√
3

))

= − 3π1/3 + u1/3
(
3

2
ln
(
π1/3 + u1/3

)
− 1

2
ln (π + u) +

√
3 arctan

(
2π1/3 − u1/3√

3u1/3

)
+

π

2
√
3

)
= − 3π1/3 +

3

2
u1/3 ln

(
π1/3 + u1/3

)
− 1

2
u1/3 ln (π + u) +

√
3u1/3 arctan

(
2π1/3 − u1/3√

3u1/3

)
+
πu1/3

2
√
3

Likewise, we may perform the change of variables v = x1/3u−1/3 for the second integral in the sum and
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observe that� π

0

x1/3

x− u
dx =

1

u

� π

0

x1/3

x
u − 1

dx =
1

u

� π1/3u−1/3

0

(
vu1/3

) (
3v2u

)
v3 − 1

dv =
1

u

� π1/3u−1/3

0

3u4/3v3

v3 − 1
dv

= − 3u1/3
� π1/3u−1/3

0

v3

1− v3
dv

= − 3u1/3
[
−v − 1

3
(G2(v) +K2(v))

]v=π1/3u−1/3

v=0

= 3u1/3
(
π1/3u−1/3 +

1

3

(
G2(π

1/3u−1/3) +K2(π
1/3u−1/3)

)
− 1

3
(G2(0) +K2(0))

)
= 3u1/3

(
π1/3u−1/3 +

1

3

(
3

2
ln
(
π1/3 − u1/3

)
− 1

2
ln (π − u)−

√
3 arctan

(
2π1/3 + u1/3√

3u1/3

)

+
π

2
√
3

))

= 3π1/3 + u1/3
(
3

2
ln
(
π1/3 − u1/3

)
− 1

2
ln (π − u)−

√
3 arctan

(
2π1/3 + u1/3√

3u1/3

)
+

π

2
√
3

)
= 3π1/3 +

3

2
u1/3 ln

(
π1/3 − u1/3

)
− 1

2
u1/3 ln (π − u)−

√
3u1/3 arctan

(
2π1/3 + u1/3√

3u1/3

)
+
πu1/3

2
√
3

Now, combining the above equations, we see that� π

−π

|x|1/3

x− u
dx =

π√
3
u1/3 +

3

2
u1/3 ln

(
π2/3 − u2/3

)
− 1

2
u1/3 ln

(
π2 − u2

)
+
√
3u1/3

(
arctan

(
2π1/3 − u1/3√

3u1/3

)
− arctan

(
2π1/3 + u1/3√

3u1/3

))
:=

π√
3
u1/3 + u1/3

(
3

2
ln

(
1− u2/3

π2/3

)
− 1

2
ln

(
1− u2

π2

))
+

√
3u1/3M1(u)

:=
π√
3
u1/3 + u1/3L(u) +

√
3u1/3M1(u) (46)

Now, let us first recognize that it follows from Equation 1.511 in [10] that we may write, for all −1 < x ≤ 1,

ln(1− x) =

∞∑
k=1

(−1)2k+1x
k

k
= −

∞∑
k=1

xk

k

and hence since u ≤ π, it follows that

ln

(
1− u2/3

π2/3

)
=

∞∑
k=1

−u2k/3

kπ2k/3
and ln

(
1− u2

π2

)
=

∞∑
k=1

−u2k

kπ2k

and therefore

L(u) =
3

2
ln

(
1− u2/3

π2/3

)
− 1

2
ln

(
1− u2

π2

)
=

3

2

∞∑
k=1

−u2k/3

kπ2k/3
− 1

2

∞∑
k=1

−u2k

kπ2k

=

∞∑
k=1

(
u2k

2kπ2k
− 3u2k/3

2kπ2k/3

)
= O(u2/3)

and thus u1/3L(u) = O(u). Moreover, since 2π1/3−u1/3
√
3u1/3

· 2π1/3+u1/3
√
3u1/3

= 4π2/3−u2/3

3u2/3 ≥ 1 > −1 then it follows by
1.625 (8) in [10] that we have

arctan

(
2π1/3 − u1/3√

3u1/3

)
− arctan

(
2π1/3 + u1/3√

3u1/3

)
= arctan

 −2u1/3
√
3u1/3

1 + 4π2/3−u2/3

3u2/3

 = arctan

(
√
3

− u2/3

2π2/3

1 + u2/3

2π2/3

)
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and since
−x
1 + x

=

∞∑
k=1

(−1)kxk

then
√
3

u2/3

2π2/3

1 + u2/3

2π2/3

=
√
3

∞∑
k=1

(−1)k
u2k/3

(2π2/3)2k/3

and hence

M1(u) = arctan

(
√
3

∞∑
k=1

(−1)k
u2k/3

(2π2/3)2k/3

)
:= arctan (y(u))

where y(u) = O(u2/3). Since we can expand arctan as arctan(x) =
∑∞

k=0
(−1)kx2k+1

2k+1 = O(u) then it
follows that M1(u) = O(u2/3) and thus

√
3u1/3M1(u) = O(u). Therefore, defining Q1/3(u) := u1/3L(u) +√

3u1/3M1(u) + F̃1/3(u), we have that Q1/3 = O(u) and so inserting (46) into (45), then we see that

H
(
|u|1/3

)
=

1√
3
u1/3 +

1

π
Q1/3(u)

Now, if we take F1/3(u) := − 1
π sgn(−u)Q1/3(u) then we see that H

(
|u|1/3

)
= 1√

3
u1/3 + F1/3(u) where

F1/3 = O(u) for u > 0. Having shown this for u > 0, consider the case where u < 0. Then Theorem 7.1
shows that we may write

−H
(
|u|1/3

)
=

1

π

� π

−π

|x|1/3

x− (−u)
dx− F̃1/3(u)

for F̃1/3 as defined previously. However, then −u > 0 and so

� π

−π

|x|1/3

x− (−u)
dx =

π√
3
(−u)1/3 + (−u)1/3L(−u)−

√
3(−u)1/3M1(−u)

showing that H
(
|u|1/3

)
= −1√

3
(−u)1/3 − 1

πQ1/3(−u). Since F1/3(−u) = − 1
π sgn(−u)Q1/3(−u) = −Q1/3(−u)

as u < 0, then we can write that H
(
|u|1/3

)
= −1√

3
(−u)1/3 +F1/3(−u), where F1/3 = O(−u). Hence, to cover

both cases, we may write that

H
(
|u|2/3

)
=

1√
3
|u|1/3sgn(u) + F1/3(|u|)

where F1/3 = O(|u|), as desired.

Next, let us first verify that H
(
|u|2/3

)
=

√
3|u|2/3sgn(u) + F2/3(u). Just as before, Theorem 7.1 shows us

that

H
(
|u|2/3

)
=

1

π

� π

−π

|x|2/3

x− u
dx+ F̃2/3(u)

for some F̃2/3 ∈ Cω(D2) where D2 is a compact subset of (−π, π). We may take u > 0 to begin. We evaluate
the integral in this summation as follows:

� π

−π

|x|2/3

x− u
dx =

� 0

−π

|x|2/3

x− u
dx+

� π

0

|x|2/3

x− u
dx =

� 0

−π

(−x)2/3

x− u
dx+

� π

0

x2/3

x− u
dx

To handle the first integral in this sum, we again perform the change of variables v = (−x)1/3 u−1/3 and
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hence we see that
� 0

−π

(−x)2/3

x− u
dx =

1

u

� 0

−π

(−x)2/3
x
u − 1

dx =
1

u

� 0

π1/3u−1/3

(
v2u2/3

) (
−3v2u

)
−v3 − 1

dv =
1

u

� 0

π1/3u−1/3

3u5/3v4

v3 + 1
dv

= − 3u2/3
� π1/3u−1/3

0

v4

v3 + 1
dv

= − 3u2/3
[
v2

2
+

1

3
(G1(v)−K1(v))

]v=π1/3u−1/3

v=0

= − 3u2/3
(
π2/3u−2/3

2
+

1

3

(
G1(π

1/3u−1/3)−K1(π
1/3u−1/3)

)
+

1

3
(G1(0)−K1(0))

)
= − 3u2/3

(
π2/3u−2/3

2
+

1

3

(
3

2
ln
(
π1/3 + u1/3

)
− 1

2
ln (π + u)−

√
3 arctan

(
2π1/3 − u1/3√

3u1/3

)

− π

2
√
3

))

= − 3π2/3

2
− u2/3

(
3

2
ln
(
π1/3 + u1/3

)
− 1

2
ln (π + u)−

√
3 arctan

(
2π1/3 − u1/3√

3u1/3

)
− π

2
√
3

)
= − 3π2/3

2
− 3

2
u2/3 ln

(
π1/3 + u1/3

)
+

1

2
u2/3 ln (π + u) +

√
3u2/3 arctan

(
2π1/3 − u1/3√

3u1/3

)
+
πu2/3

2
√
3

Likewise, we may perform the change of variables v = x1/3u−1/3 for the second integral in the sum and
observe that
� π

0

x2/3

x− u
dx =

1

u

� π

0

x2/3

x
u − 1

dx =
1

u

� π1/3u−1/3

0

(
v2u2/3

) (
3v2u

)
v3 − 1

dv =
1

u

� π1/3u−1/3

0

3u5/3v4

v3 − 1
dv

= − 3u2/3
� π1/3u−1/3

0

v4

1− v3
dv

= − 3u2/3
[
−x

2

2
− 1

3
(G2(x) +K2(x))

]v=π1/3u−1/3

v=0

= 3u2/3
(
π2/3u−2/3

2
+

1

3

(
G2(π

1/3u−1/3) +K2(π
1/3u−1/3)

)
+

1

3
(G2(0)−K2(0))

)
= 3u2/3

(
π2/3u−2/3

2
+

1

3

(
3

2
ln
(
π1/3 − u1/3

)
− 1

2
ln (π − u) +

√
3 arctan

(
2π1/3 + u1/3√

3u1/3

)

− π

2
√
3

))

=
3π2/3

2
+ u2/3

(
3

2
ln
(
π1/3 − u1/3

)
− 1

2
ln (π − u) +

√
3 arctan

(
2π1/3 + u1/3√

3u1/3

)
− π

2
√
3

)
=

3π2/3

2
+

3

2
u2/3 ln

(
π1/3 − u1/3

)
− 1

2
u2/3 ln (π − u) +

√
3u2/3 arctan

(
2π1/3 + u1/3√

3u1/3

)
− πu2/3

2
√
3
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Again combining the above equations, we see that
� π

−π

|x|2/3

x− u
dx =

3

2
u2/3

(
ln
(
π1/3 − u1/3

)
− ln

(
π1/3 + u1/3

))
+

1

2
u2/3 (ln (π + u)− ln (π − u))

+
√
3u2/3

(
arctan

(
2π1/3 + u1/3√

3u1/3

)
+ arctan

(
2π1/3 − u1/3√

3u1/3

))
= u2/3

(
3

2
ln

(
1− u2/3

π2/3

)
− 1

2
ln

(
1− u2

π2

))
+

√
3u2/3

(
arctan

(
2π1/3 + u1/3√

3u1/3

)

+ arctan

(
2π1/3 − u1/3√

3u1/3

))

= u2/3L(u) +
√
3u2/3

(
arctan

(
2π1/3 + u1/3√

3u1/3

)
+ arctan

(
2π1/3 − u1/3√

3u1/3

))
where L(u) is as was defined previously, and M2(u) := arctan

(
2π1/3+u1/3

√
3u1/3

)
+arctan

(
2π1/3−u1/3

√
3u1/3

)
. Note that

since 2π1/3+u1/3
√
3u1/3

· 2π1/3−u1/3
√
3u1/3

= 4π2/3−u2/3

3u2/3 ≥ 1 then it follows by 1.625 (8) in [10] that we have

arctan

(
2π1/3 + u1/3√

3u1/3

)
+arctan

(
2π1/3 − u1/3√

3u1/3

)
= π+arctan

 4π1/3
√
3u1/3

1− 4π2/3−u2/3

3u2/3

 = π+arctan

(
√
3

u1/3

π1/3

u2/3

π2/3 − 1

)

Defining M2(u) := arctan

(
√
3

u1/3

π1/3

u2/3

π2/3
−1

)
then we see that

� π

−π

|x|2/3

x− u
dx =

√
3πu2/3 + u2/3L(u) +

√
3u2/3M2(u). (47)

Now, since
x

x2 − 1
= −

∞∑
k=1

x2k−1

then
√
3

u1/3

π1/3

u2/3

π2/3 − 1
= −

√
3

∞∑
k=1

u2/3k−1/3

(π1/3)2k−1

and hence

M2(u) = arctan

(
−
√
3

∞∑
k=1

u2/3k−1/3

(π1/3)2k−1

)
:= arctan (z(u))

where z(u) = O(u1/3). As we saw before, arctan(z(u)) with z(u) = O(u1/3) will also be order u1/3 so that
M2(u) = O(u1/3) and hence

√
3u2/3M2(u) = O(u). We also showed before that u1/3L(u) = O(u) and hence

we have u2/3L(u) = O(u4/3). Therefore, defining Q2/3(u) := u2/3L(u) +
√
3u2/3M2(u) + F̃2/3(u), we have

that Q2/3 = O(u) and so inserting (47) into (45) then we see that

H
(
|u|2/3

)
=

√
3u2/3 +

1

π
Q2/3(u)

Now, if we take F2/3(u) := − 1
π sgn(−u)Q2/3(u) then we see that H

(
|u|2/3

)
=

√
3u2/3 + F2/3(u) where

F2/3 = O(u) when u > 0. Having shown this for u > 0, consider the case where u < 0. Then Theorem 7.1
shows that we may write

−H
(
|u|2/3

)
=

1

π

� π

−π

|x|2/3

x− (−u)
dx− F̃2/3(u)
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for F̃2/3 as defined previously. However, then −u > 0 and so

� π

−π

|x|2/3

x− (−u)
dx =

√
3π(−u)2/3 + (−u)2/3L(−u) +

√
3(−u)2/3M2(−u)

showing thatH
(
|u|1/3

)
= −

√
3(−u)2/3− 1

πQ2/3(−u). Since F2/3(−u) = − 1
π sgn(−u)Q2/3(−u) = − 1

πQ2/3(−u)
as u < 0, then we can write that H

(
|u|2/3

)
= −

√
3(−u)1/3 + F2/3(−u), where F2/3 = O(−u). Hence, to

cover both cases, we may write that

H
(
|u|2/3

)
=

√
3|u|2/3sgn(u) + F2/3(|u|)

where F2/3 = O(|u|), as desired.

In the following corollary, we will use our results from Proposition (7.3) in order to obtain the Hilbert
transform of functions of the form f(u) = |u|β/3 for β = 4, 5:

Corollary 7.4. The Hilbert transform acts on the functions |u|4/3 and |u|5/3 with the following evaluation:

H
(
|u|4/3

)
= −

√
3|u|4/3sgn(u) + F4/3(u)

H
(
|u|5/3

)
= − 1√

3
|u|5/3sgn(u) + F5/3(u)

for F4/3 = O(|u|2) and F5/3 = O(|u|2).

Proof. Observe that
∂

∂u
|u|4/3 =

4

3
|u|1/3sgn(u)

and hence it follows that
H

(
∂

∂u
|u|4/3

)
= H

(
4

3
|u|1/3sgn(u)

)
(48)

from which linearity of the Hilbert transform, along with the fact that it commutes with the derivative
operator, implies that ∂

∂uH
(
|u|4/3

)
= 4

3H
(
|u|1/3sgn(u)

)
. Now, Proposition 7.3 above has shown us that

H
(
|u|1/3

)
=

1√
3
|u|1/3sgn(u) + F1/3(u)

where F1/3(u) = O(|u|). Thus it follows that

H2
(
|u|1/3

)
=

1√
3
H
(
|u|1/3sgn(u)

)
+H

(
F1/3

)
and hence since H2 = −Id for functions with zero-mean, then we have that −|u|1/3 = 1√

3
H
(
|u|1/3sgn(u)

)
+

H
(
F1/3

)
and thus

H
(
|u|1/3sgn(u)

)
= −

√
3|u|1/3 −H

(
F1/3

)
and therefore using 48 we have that

∂

∂u
H
(
|u|4/3

)
= −4

√
3

3
|u|1/3 − 4

3
H
(
F1/3

)
.

Integrating both sides from 0 to u gives us that
� u

0

∂

∂x
H
(
|x|4/3

)
dx = −4

√
3

3

� u

0

|x|1/3dx− 4

3

� u

0

H
(
F1/3(x)

)
dx,
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and hence by the Fundamental Theorem of Calculus we see that

H
(
|u|4/3

)
= −

√
3|u|4/3sgn(u)− 4

3

� u

0

H
(
F1/3(x)

)
dx

Now, designating F4/3(u) := − 4
3

� u

0
H
(
F1/3(x)

)
dx, then we observe that

H
(
|u|4/3

)
= −

√
3|u|4/3sgn(u) + F4/3(u).

Of course, we know that, for anyH(F1/3(u)) = O(|u|) and thus taking the indefinite integral
�
H
(
F1/3(x)

)
dx

will raise the powers of each term in the expansion by one. Evaluating this expansion at zero gives zero and
therefore

F4/3(u) = −4

3

� u

0

H
(
F1/3(x)

)
dx = O(|u|2)

as desired.

For the second identity, we may follow a very similar procedure. Since we know that ∂
∂u |u|

5/3 = 5
3 |u|

2/3sgn(u)
then we have that H

(
∂
∂u |u|

5/3
)
= H

(
5
3 |u|

2/3sgn(u)
)
. Linearity of the Hilbert transform, along with the fact

that it commutes with the derivative operator, implies that

∂

∂u
H
(
|u|5/3

)
=

5

3
H
(
|u|2/3sgn(u)

)
. (49)

Now, Theorem 7.1 above has shown us that

H
(
|u|2/3

)
=

√
3|u|2/3sgn(u) + F2/3(u)

where F2/3(u) = O(|u|). Thus it follows that

H2
(
|u|2/3

)
=

√
3H
(
|u|2/3sgn(u)

)
+H

(
F2/3

)
and hence since H2 = −Id for functions with zero-mean, then we have that −|u|2/3 =

√
3H
(
|u|2/3sgn(u)

)
+

H
(
F2/3

)
and thus

H
(
|u|2/3sgn(u)

)
= − 1√

3
|u|2/3 −H

(
F2/3

)
and so using equation 49 then we have that

∂

∂u
H
(
|u|5/3

)
= − 5

3
√
3
|u|2/3 − 5

3
H
(
F2/3

)
Integrating both sides from 0 to u gives us that

� u

0

∂

∂x
H
(
|x|5/3

)
dx = − 5

3
√
3

� u

0

|x|2/3dx− 5

3

� u

0

H
(
F2/3(x)

)
dx

and hence by the Fundamental Theorem of Calculus we see that

H
(
|u|5/3

)
= − 1√

3
|u|5/3sgn(u)− 5

3

� u

0

H
(
F2/3(x)

)
dx

Now, designating F5/3(u) := − 5
3

� u

0
H
(
F2/3(x)

)
dx, then we observe that

H
(
|u|5/3

)
= − 1√

3
|u|5/3sgn(u) + F5/3(u)
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Of course, we know that, for anyH(F2/3(u)) = O(|u|) and thus taking the indefinite integral
�
H
(
F2/3(x)

)
dx

will raise the powers of each term in the expansion by one. Evaluating this expansion at zero gives zero and
therefore

F5/3(u) = −5

3

� u

0

H
(
F2/3(x)

)
dx = O(|u|2)

as desired. Therefore, we have the integrated formulas H
(
|u|4/3

)
= −

√
3|u|4/3sgn(u) + F4/3(u) and

H
(
|u|5/3

)
= − 1√

3
|u|5/3sgn(u) + F5/3(u) as desired.

Now we will show in general that for β ∈ N then Hilbert transform maps |u|β to functions with a leading
order logarithmic singularity:

Proposition 7.5. For any n ∈ N with n ≥ 1, then we observe that

H(|u|n) = un

π
((ln(|π − u|)− ln(|π + u|)) + ((−1)n − 1) ln(|u|)) +Gn(u)

for some Gn ∈ Cω(D), where D is any compact subset of (−π, π).

Proof. Now, by Theorem 7.1, we know that

H (|u|n) = 1

π

� π

−π

|x|n

x− u
dx+ Fn(u) (50)

for some Fn ∈ Cω(D), with D any compact subset of (−π, π). Therefore, let us simply evaluate the first
integral in this summation. We observe that

� π

−π

|x|n

x− u
dx =

� 0

−π

(−x)n

x− u
dx+

� π

0

xn

x− u
dx

= (−1)n
� 0

−π

xn

x− u
dx+

� π

0

xn

x− u
dx

Now, from Equation 2.111 (3) in [10], we see that

�
xn

x− u
dx =

n−1∑
k=0

(−1)k
(−u)kxn−k

(n− k)
+ (−1)n(−u)n ln(|x− u|)

=

n−1∑
k=0

(−1)2k
ukxn−k

(n− k)
+ (−1)2nun ln(|x− u|)

=

n−1∑
k=0

ukxn−k

(n− k)
+ un ln(|x− u|)

and hence it follows that

� π

0

xn

x− u
dx =

[
n−1∑
k=0

ukxn−k

(n− k)
+ un ln(|x− u|)

]x=π

x=0

=

n−1∑
k=0

ukπn−k

(n− k)
+ un ln(|π − u|)− un ln(|u|)
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Moreover, we have that

� 0

−π

xn

x− u
dx =

[
n−1∑
k=0

ukxn−k

(n− k)
+ un ln(|x− u|)

]x=0

x=−π

= un ln(|u|)−
n−1∑
k=0

uk(−π)n−k

(n− k)
+ un ln(| − π − u|)

= un ln(|u|)−
n−1∑
k=0

(−1)n−k u
kπn−k

(n− k)
+ un ln(|π + u|)

= un ln(|u|)−
n−1∑
k=0

(−1)n+k u
kπn−k

(n− k)
+ un ln(|π + u|)

so that
� π

−π

|x|n

x− u
dx = (−1)n

� 0

−π

xn

x− u
dx+

� π

0

xn

x− u
dx

= (−1)nun ln(|u|)−
n−1∑
k=0

(−1)2n+k u
kπn−k

(n− k)
− un ln(|π + u|)

+

n−1∑
k=0

ukπn−k

(n− k)
+ un ln(|π − u|)− un ln(|u|)

= un (ln(|π − u|)− ln(|π + u|)) + ((−1)n − 1)un ln(|u|)

+

n−1∑
k=0

(
1− (−1)k

) ukπn−k

(n− k)
(51)

Now, because we are taking u ̸= 0 then we have that ln(|π − u|) − ln(|π + u|) ̸= 0 and so this integral will
always have a logarithmic singularity. Moreover, we may take

Gn(u) =
1

π

n−1∑
k=0

(
1− (−1)k

) ukπn−k

(n− k)
+

1

π
Fn(u)

and observe that it is clearly the case that Gn ∈ Cω(D). Thus, we see that when inserting equation 51 into
equation 50 then we have

H(|u|n) = un

π
((ln(|π − u|)− ln(|π + u|)) + ((−1)n − 1) ln(|u|)) +Gn(u)

for n ≥ 1.

Note that it will be useful to have the leading order logarithmic singularities in the Hilbert transform of |u|
and |u|2 computed explicitly. Thus, observe that in Proposition 7.5, taking n = 1 shows that

H(|u|) = u

π
((ln(|π − u|)− ln(|π + u|))− 2 ln(|u|)) +G1(u)

Moreover, taking n = 2 allows for us to see that

H(|u|2) = u2

π
(ln(|π − u|)− ln(|π + u|)) +G2(u)
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